Chapter 9 Polar Coordinates and Complex Numbers

9-1 | Polar Coordinates

Pages 557-558 Check for Understanding

1. There are infinitely many ways to represent the
angle 0. Also, r can be positive or negative.

2. Draw the angle 6 in standard position. Extend the
terminal side of the angle in the opposite
direction. Locate the point that is Or(J units from
the pole along this extension.

3. Sample answer: —60° and 300°
Plot (4, 120) such that 6 is in standard position
and Or01is 4 units from the pole. Extend the
terminal side of the angle in the opposite
direction. Locate the point that is 4 units from the
pole along this extension.

r=-—4
0 =120 — 180 or§ = 120 + 180
= —60 = 300

4. The points 3 units from the origin in the opposite
direction are on the circle where r = 3.

5. All ordered pairs of the form (r, §) where r = 0.

90°
6. 120° o T
150° 30°
00
o
180 2/ 3 4
210° 330°
2407 =7 300°
90°
8 120° 600 9
C,
150° 30°
00
o
180 a7 _ V1 0
D
210° 330°
i 17
240° 300° 6 6
270° 4ar 5
3 3777 3

10. Sample answer: (*2, 13777), (*2, T)’ (2, ?),

o
(r, 6 + 2k)

(-2 4 2m) - (—2, )
(-2 4+ 20m - (~2.27)
(=1, 6+ 2k + 1)m)

(25 om) - (27
(2 From) - (25
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(-]
11. 120° 90 60° 12. 2 g .
3 3
150° 30° %ﬂ %
OO
180° 0
HER
. 2/ 3 4
(<] o
210 S Vi
240° 300° 6 6
270° 4 5
3 3w T
2

v

14. P,P, = \/2.52 +(—3)%2 — 2(2.5)(—3) COS( 1 %)

9 + 15 cos (—%)

5
= \/5.25 + 15 cos (_E>
=~ 4.37
15a. 120030 600
150° 30°
o 0°
180 0/15)2
210° 330°
240717300
15b. 210 — (—30) = 240
N
A= 360 (mr?)
240
= 360 (w202)
~ 838 ft2
Pages 558-560 Exercises
16. 120° %0 60° 17. 2m g g
3 3
150° 30° 57 T
6 6
OO
180° 0
2/ 3 4
. 2] 3 4
210° 330°
T 17
o -] 6 6
24
0%t 2 300 i or
3 ?%T 3



18. 90° 19. ow X

3 2 3
150°. 30° 57
6
OO
180°
4 8, T >
T

™ T
28. Sample answer: (2, 5), (2, ?), (—2, 240°),
(—2, 600°)
(r, 0 + 2km)
- (25 +20m) - (2.5)
™ T
- (2, 3t 2(1)17) = <2, ?)
(—=r, 0+ 2k + 1)180°)
- (—2,60° + (1)180°) - (—2, 240°)
- (=2, 60° + (3)180°) - (-2, 600°)

29.

30.

31.

32.

34.

36.

Sample answer: (1.5, 540°), (1.5, 900°), (—1.5, 0°),
(—1.5, 360°)

(r, 0 + 360k°)

~ (1.5, 180° + 360(1)°) — (1.5, 540°)

~ (1.5, 180° + 360(2)°) — (1.5, 900°)

(=r, 6 + (2k + 1)180°)

- (—1.5,180° + (—1)180°) - (—1.5,0°)

- (—1.5,180° + (1)180°) - (—1.5, 360°)

Sample answer: (*1, %), (*1, ISTTF), (1, %T),

107

(1.%)
(r, 0 + 2km)
(-1, 5+ 2(1)11') - (—1,{)
(L 2@m) - (-1, 1)
(=r, 6 + 2k + 1)m)
S (L 5+ (1)11) - (1, %“)

™ Om
= (1, 3+ (3)17) - (1, IT)
Sample answer: (4, 675°), (4, 1035°), (—4, 135°),
(—4, 495°)
(r, 0 + 360k°)
- (4, 315 + 360(1)°) - (4, 675°
- (4, 315 + 360(2)°) - (4, 1035°)
(—=r, 0 + (2k + 1)180°)
(=4, 315 + (—1)180°) — (—4, 135°)
- (—4, 315 + (1)180°) - (—4, 495°)

7

o
120° %0 60° 33 2 37 ox
3 3
150°. 57 g
6
o
180° 9 0
. 2/ 3 4
210° 330°
7w 17
240 300° 6 6
270° 4w 57
3 3m 3
2
s . 90°
%77 2 g 85 120° 60°
57 T o 30°
5 z 150
0°
(-]
- . 0 180 RN
(-]
7 117 210° 330
6 6 240° 300°
4r T 5m 270°
3 3m 3
2
90° T
120° 60° 37 2r 3 0=
200 3 3
150°, 57 g
6 6
o 0°
180 5 7 . 0
HIEE
S 330°
210 n 117
240° ° 6 6
0"t 300 i or
3 3%7 3
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40.

41.
42.

43.

44.

45.

46.

47.

48.

o 90° 90°
120 60 39 120° 60°
150° 30°  150° 30°
0° 0°
o o
180 s 180 a7
210° 330°  210° 330°
240717 300° 24071 27 300°
90°
120° 60°
150° 30°
OO
o
180 37
210° 330°
o ]
2407 27300
r=V2orr=—-V2for any 0.
PP, = V42 + 62 — 2(4)(6) cos (105° — 170°)

=116 + 36 — 48 cos (—65°)
= V52 — 48 cos (—65)
~5.63

PP, = \/12 + 52— 2(1)(5) cos (27 — 5

= \/1 + 25 — 10 cos (13

w

= /26— 10 cos (13

~ 5.35
PPy =
2 0w
\/(72.5)2 + (—1.75)% — 2(=2.5)(— 1.75)cos (7? - g)
21w
= \/6.25 + 30.0625 — 8.75 cos (fﬁ>
21w
= \/9.3125 — 8.75 cos <7ﬁ>
~3.16
PP, = V1.3% + (—3.6)2 — 2(1.3)(—3.6) cos (—62° — (—47°))

=V1.69 + 12.96 + 9.36 cos (—62° + 47°)
=1V14.65 + 9.36 cos (—15°)
~ 4.87

r=V(=32+42=5
sinf =, 0~ 53°

180° — 53° = 127°
Sample answer: (5, 127°)

There are 360° in a circle. If the circle is cut into 6

. . 360
equal pieces, each slice measures —;— or 60°.

Beginning at the origin, the equation of the first
line is § = 0°. The equation of the next line,
rotating counterclockwise, is § = 0 + 60 or 60°.
The equation of the last line is § = 60 + 60 or
120°. Note that lines extend through the origin, so
3 lines create 6 pieces.

PP, = \/rl2 + 1y — 2r 1y cos (6 — 0)
= \/r12 - 7“22 — 2ryrq cos 0

=|rp =g

Chapter 9

49a. When 6 = 120°, r = 17. The maximum speed at
120° is 17 knots.

49b. When 6 = 150°, r = 13. The maximum speed at
150° is 13 knots.
50a. 27 g T
3 3
57 s
6 6
0
K 2
7 1o
6 6
4 57
3 5m
3 777 3

50b. T~ (—%) = 2 or 120°

Let R = 3 - 100 or 300 and let r = 0.25 - 100

or 25.

A== (TR?) — s (mr?)
= 325 (m(3002) — 530 (m(25)?)
= 4207 (90,000 — 625)
~ 93,593 ft2

If each person’s seat requires 6 ft2 of space,
93,593 or 15,599 seats.

there are =
51. The distance formula is symmetric with respect to
(r, 0,) and (ry, 6,). That is,

\/r22 +ry2 = 2ryr; cos (0, — 0y)

= \/rl2 + 12 = 2r 1y cos[—(0y — 6,)]

=Vr2+ r,2 — 2rrycos(@y, — 0,)

90°
52a. 120° 60°
150° 30°
o 0°
180 i
210° 330°
240° o
075300

52b. P,P,= V52 + 62 — 2(5)(6) cos (345° — 310°)
= V25 + 36 — 60 cos (35°)
= V61 — 60 cos (35°
~ 3.44
No; the planes are 3.44 miles apart.

53. Draw a picture.

. 3
Boat sinf = %
S sin~1(sin §) = Sin_1<%>
l 6~ 22.0°
mph
54. (3, —2,4) - (1, =4, 0) = (3)(1) + (—2)(—4) + (4)(0)
=3+8+0
=11

No, the vectors are not perpendicular because
their inner product is not 0.



55.

56.

57.

58.

59.

60.

61.

62.

Rewritey = 9x — 3 as9x —y — 3 =0.
Ax; + By, + C
+=VA? + B?

9(=3) + (=1)(2) + (-3)

= V92 + (-1)
-32

= +V82
-32

= +V82 -

—32V/82

=x g2
16V82

= 4

d=

2l

Distance is always positive.

1 — sina 1

-1

sinZa
=cscZa — 1
= cot2a
V3
Arccos 2 = 30°
In a 30°-60°-90° right 1
triangle, the angle opposite

sinZa

the smallest leg is 30°.
y = 5 cos 40
Amplitude = 5; Period = %T“ or %

b sin A = 18.6 sin 30°

=93
Since a = b sin A, there is one solution.
Find B. Find C.

186 _ 9.3 _ o _ o _ o
sin B~ sin 30° C =180 90 30
18.6 sin 30° = 9.3 sin B = 60°

18.6 sin 30°
9.3

90° = B
Find c.
c _ 93
sin 60° sin 30°
¢ sin 30° = 9.3 sin 60°

_ 9.3 sin 60°
sin 30°

c=16.1
3 or 1 positive
f(—x) = —x3 — 4x2 — 4x — 1
0 negative

= sin B

P.
Q.tl

Since there are only positive real zeros, the only
rational real zero is 1.

x— 3
x+ 52+ 2% — 3
x2 + bx
—-3x— 3
—3x — 15
10
Asx » + oo, x1+05 - 0. Therefore, the slant
asymptoteisy = x — 3.

y-axis:

Forx: flx)=x*—3x2+ 2

For —x: f(—x) = (—x)* — 3(-x)2 + 2
=xt—3x2+2

So, in general, point (—x, ¥) is on the graph if and

only if (x, y) is on the graph.

63.

64

65.

—9 4 -1
1-1 o=72“1074‘ 40+(f1)’ 1‘1‘
B 45 Y35 -3 4

—2(—5) — 4(5) — 1(1)
-11

11— (-3) =14

11 - (-2) =13
11 - (-1) =12
11-0=11

(-3, 14), (-2, 13), (-1, 12), (0, 11)}

For each x-value, there ia a unique v-value.

Yes, the relation is a function.

Since the two triangles formed are right triangles,
the side opposite the right angles, AB, intercept
an arc measuring 180°, or half the circle. ABis a
diameter.

C=mnd
507 = wd
50 =d

The correct choice is E.

9-2 | Graphs of Polar Equations

Page 565

1

Check for Understanding

. Sample answer: r = sin 20
The graph of a polar equation whose form is
r = a cos nf or a sin nf, where n is a positive
integer, is a rose.

2. —1 =< sin # =< 1 for any value of 6. Therefore, the

maximum value of r = 3 + 5sinfisr = 3 + 5(1)
or 8. Likewise, the minimum valueof r =3 + 5
sinfisr =3+ 5(—1) or —2.

3. The polar coordinates of a point are not unique. A

point of intersection may have one representation
that satisfies one equation in a system, another
representation that satisfies the other equation,
but no representation that satisfies both
simultaneously.

4. Barbara is correct. The interval 0 = 6§ < 7 1s not

always sufficient. For example, the interval 0 < 6
= 7 only generates two of the four petals for the
rose r = sin 26. r = sin % is an example where
values of 6 from 0 to 4w would have to be

considered.

cardioid limagon
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Pages 565-567 Exercises

2 sin 6 = 2 cos 20
sin 0 = cos 260
sinf=1-2sin26
2sin20 +sinh—1=0
@2sinfh — 1)(sinf +1)=0
2sinf—1=0or sinf+1=0

sinGz% sinf = —1
-7 — 5w — 3m
0= g Or 0 g or 0 5
Ifo = % orf = ‘%T is substituted in either original
equation, r = 1. If 6 = 37“ is substituted in either
original equation, r = —2. The solutions are rose rose

(1L§) (1), ana(-2.5),

10a.

10b. Sample answer: 0 < 6 < MT“

Begin at the origin and “spiral” twice around it,
or through 47 radians. Move straight up
through 4w + < or 97” radians. Now move to the
left slightly, through approximately 97” + % or

MT” radians.

cardioid lemniscate

Chapter 9 278



23.

24.

25.

26.

90°
120° 60°
150°, 30°
% 180° 0°
210° 330°

240° 300°

270°
cardioid

rose

Sample answer: r = sin 30
The graph of a polar equation of the form r = a cos
30 or r = a sin 30 is a rose with 3 petals.

Sample answer: r = ¢
™ ™

7= d3)

1o

3=2+cos¥f
1=cosf

0=0

The solution is (3, 0)

1+cosf=1-—coséb
2cosf =0
cos =0
_m _ 3w
9—501‘0—7

Substituting each angle

into either of the original
equations gives r = 1, so
the solutions of the system

are (1, g) and (1, 37“)

2sin 6 = 2 sin 20
sin 6 = sin 260
sin @ = 2 cos 0 sin 0
0=2cosfsinfh — sin O
0=sin6(2cosf — 1)
sinf =0o0r2cosf®—1=0

1
cos0—2

5

— _m =
9—00r1‘r0r9—30r9 3

If 6 = 0 or 0 = 7 is substituted in either original
equation, r = 0. If 6 = % orf = 5?77 is substituted in
either original equation, r = V3 or r = —V3,
respectively. The solutions are (0, 0), (0, m),

(\/g '”), and (—\/5, 5?“)

3

279

28. (1, 0.5), (1, 1.0), (1, 2.1), (1, 2.6), (1, 3.7), (1, 4.2),
(1,5.2), (1, 5.8)

[—2, 2] scl:1 by [—2, 2] scl: 1
29. (2, 3.5), (2, 5.9)

Ll B
=

[—86, 6] scl:1 by [—6, 6] scl:1
30. (3.6, 0.6), (2.0, 4.7)

)

S b

[—4, 4] scl:1 by [—4, 4] scl: 1

31a. If the lemniscate is 6 units from end to end, then
a= 5(6) or 3.

r2 =9 cos 26 or r2 = 9 sin 26

31b. If the lemniscate is 8 units from end to end, then
a= %(8) or 4.

r2 = 16 cos 26 or r2 = 16 sin 26

This microphone will pick up more sounds from
behind than the cardioid microphone.

33.

0 = 0 = 4 Begin at the origin and curl around
once, or through 2w radians. Curl around a second
time and go through 2w + 27 or 47 radians.

34. All screens are [—1, 1] scl:1 by [—1, 1] scl: 1

Chapter 9



0
34a. r =cosy r=cos

-
Il
Q
o
2]
N

()

When n = 11, the innermost loop will be on the

0
= oS¢
6 left and there will be an additional outer ring.

~

35. Sample answer: r = —1 — sin 6
A heart resembles the shape of a cardioid. The
sine function orients the heart so that the axis of
symmetry is along the y-axis. If a = —1, the heart
points in the right direction.
36a. For a limacon to go back on itself and have an
inner loop, r must change sign. This will happen
if b0 > Call
36b. For the other two cases, Dald = bl
Experimentation shows that the dimple
disappears when Call = [02b0, so there is a
dimple if b0 = Dal < 2601
36¢c. For this remaining case, there is neither an
inner loop nor a dimple if Call = (0260

~

= CoSs

|

37a. Subtracting o from 6 rotates the graph
counterclockwise by an angle of a.

37b. Multiplying 6 by —1 reflects the graph about the
polar axis or x-axis.

[N
/N7 RN/ BINY

)

When n = 10, two more outer rings will appear.

P 37c. Multiplying the function by —1 changes r to its
34b. r =cos 3

opposite, so the graph is reflected about the
origin.

37d. Multiplying the function by ¢ results in a
dilation by a factor of ¢. (Points on the graph
move closer to the origin if ¢ < 1, or farther
away from the origin if ¢ > 1.)

38. Sample answer: (4, 405°), (4, 765°), (—4, —135°),

(—4, 225°)

(r, 0 + 360k°)

- (4, 45° + 360(1)°) — (4, 405°)

- (4, 45° + 360(2)°) — (4, 765°)

(r, 6 + 2k + 1)180°)

- (—4, 45° + (—1)180°) - (—4, —135°)
o (—4, 45° + (1)180°) — (—4, 225°)

=

@
;
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7 23‘—»
J +‘—12 k
=(12, -8, 7)

(2,3,0)-(12, -8, 7) =24 + (—24) + Oor 0
(=1,2,4)-(12, -8, 7) = —12 + (—16) + 28 or 0

40. 3.5 cm, 87°
sin? x 9
41, iyt cosxsinZx = tADSX
sin? x
cos? x (cos? x + sin? x) 2 tan?x

42.

43.

44.

sin? x ) 9
(COSZ (1) = tan® x

sin? x

? 2
2, = tan®x

cos

tanZ x = tan? x

Find C.
C = 180° — 21°15" — 49°40’
= 109°5’
Find b.
b _ 28.9

sin 49°40’ ~ sin 109°5'
b sin 109°5’ = 28.9 sin 49°40’
28.9 sin 49°40’

b= " sin 1095
b= 233
Find a.
a 28.9

sin 21°15" ~ sin 109°5’

a sin 109°5" = 28.9 sin 21°15’
28.9 sin 21°15'

a = sin 109°5’
a=11.1
NY LA Miami
Bus $240 $199 $260
Train |$254 $322 $426
1.,6_1,12 _ 13
8 * 4 8 + 8 8
1,6 13
So 8t4 _ 8 _13 16
3 3 8 3
16 16
_ 26
3

The correct choice is A.

9.3 | Polar and Rectangular
Coordinates

Page 571 Check for Understanding
1. Sample answer: (2V2, 45°)

r=V2a2+ 22 0 = Arctan (%)

=8 = 45°
=92V2

2. The quadrant that the point lies in determines

whether 0 is given by Arctan % or Arctan % + .

281

10.

11.

12.

x =2
rcosf =2
2
7= Cos
r=2sect
. To convert from polar coordinates to rectangular

coordinates, substitute r and 6 into the equations
x = rcos 0 andy = r sin 6. To convert from
rectangular coordinates to polar coordinates, use

the equation r = V&% + y2to find r. If x > 0, 0 =
Arctan % Ifx<0,0= Arctan% + m. If x = 0, you

jus

5 or any coterminal angle for 6.

Vi

/’ y=rsing
0

o—m™@— )
X=rcoso

can use

y

r=V(=V2)?2+ (V2?2 6= Arctan (%)

=V4or2 =3

4
(2%)
r

= V(224 (52 6=Arctan (Z2) + =
=V29 =5.39 ~ 4.33
(5.39, 4.33)
.x = —2cos (%T) y = —2sin <4?“>
=1 =V3
(1, V3)
. x = 2.5 cos 250° y = 2.5 sin 250°
~ —0.86 = —-2.35
(—0.86, —2.35)
y=2
rsinf =2
7= Sing
r=2csch
x2 + y2 =16
(r cos 0)% + (r sin 0)2 = 16
r2(cos? 0 + sin? 0) = 16
r2 =16
r=4orr=—4
r==6
VT -6
x2 + y2 = 36
r= —secf
r_ -1
r rcos 6
1=
x=-1
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90°
13a. 120° 60°
150° 30°
180° 0°
210° 330°

240° 300°

270°

13b. No. The given point is on the negative x-axis,
directly behind the microphone. The polar
pattern indicates that the microphone does not
pick up any sound from this direction.

Pages 572-573 Exercises
14. r = V22 + (—2)2 0 = Arctan (_72)

=V8or2V2 = f%
Add 2 to obtain 6 = T,
(2v2.77)
15. 7= Vo2 + 12
=Vlorl

Since x = 0 when y = 1,0=%.

v
(13) Vs
16. r = V12 + (V3)2 0 = Arctan "1

~Vior2 T
2, T
= y
17.r = (—%)2 + <7TS)2 0 = Arctan _—i
4
= \/% = Arctan (?) or 4?“
= % or %
1 4_w)
2’ 3
18. r = V32 + 82 6 = Arctan (%)
=V73 = 8.54 =~ 1.21
(8.54, 1.21)
19. 1 = Va2 + (=72 6 = Arctan (57)
= V65 = 8.06 ~ —1.05
Add 27 to obtain § = 5.23.
(8.06, 5.23)
20. x = 3 cos (%) y = 3 sin (%)
-0 _
0, 3)
21. x = écos (%) y = % sin (%T)
S
_ V2 _ V2
4 4
(-2

Chapter 9
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22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

__V3 _1
) T2
(_ﬁ 1)
292
x = —2 cos 270° y = —2sin 270°
=0 =2
0, 2)
x = 4 cos 210° y = 4 sin 210°
a3 _ 1
- 4(_ 2 ) - 4<_§)
=-2V3 =-2
(-2V3, —2)
x = 14 cos 130° y = 14 sin 130°
~ —9.00 =~ 10.72
(—9.00, 10.72)
x=-=1
rcosf = -7
=
"= cost
r=—"Tsect
y=25
rsinf =5
_ 5
"~ sing
r=>5csct
x2+y2=25

(r cos 0)% + (r sin 0)% = 25
r2(cos? 0 + sin2 §) = 25
rZ =25
r=5orr=—5
x2 +y2 =2y
(r cos 0)% + (r sin 0)2 = 2r sin 6
r2 (cos? 6 + sinZ 6) = 2r sin 6
r2 = 2rsin
r=2sin6
x2—y2=1
(rcos )2 — (rsin )2 =1
r2 (cos?  — sin? ) = 1
1

2 (cos 20) = N
2 —
r cos 260
r2 = sec 26

2+ —-22=4
W+ —dy+4=4
(r cos )% + (r sin )2 — 4rsin = 0
r2(cos? 0 + sinZ 6) — 4rsin =0
r2 —4rsinf =0
r2 = 4rsin 0
r=4sin 6
r=
\/x2+y2:2
x2+y2=4
r=-3

Va2 +y2 = -3

2 +y2=9



34.

35.

36.

37.

38.

39.

40.

41.

42.

T
0—§ y
Y _m
Arctanx—§ 2/
l:@ ﬂ_ﬁ\/g
x 1 3
y=V3x 1 X
r=2csch
;2
T rsiné
1=2
y
y=2
r=3cosf
r2 = 3rcos 0
x2 + y2 = 3x
r2sin 20 = 8

r22 sin 0 cos 8 = 8
2rsinf rcosf =8

2yx = 8
xy =4
y=x
Y _
~ =
Arctan % = Arctan 1
o
0=1
r=sinéf
r2 =rsin 6
2 tyr=y
x = 325 cos 70° y = 325 sin 70°
~ 111.16 ~ 305.40
(111.16, 305.40)
5w fuul
A4 _ 4 _b5m _ m
6 6 24 24
= 4m
24
=~ 0.52 unit
Drop a perpendicular from the point with polar

coordinates (r, ) to the x-axis. r is the length of
the hypotenuse in the resulting right triangle.
x is the length of the side adjacent to angle 6, so

cos 6 = . Solving for x gives x = r cos 6. y is the

r
length of the side opposite angle 6, so sin § = %
Solving for y gives y = r sin 6. (The figure is drawn
for a point in the first quadrant, but the signs
work out correctly regardless of where in the

plane the point is located.)

y
(r, 6)

6 0

283

43. horizontal distance:
25(4 + 2 cos 120°) = 75 m east
vertical distance:
25(3 + 2 sin 120°) = 118.30 m north

120°
2%

(0] X
44a. x = 4 cos 20° y = 4 sin 20°
~ 3.76 = 1.37
(3.76, 1.37)
x = 5 cos 70° y = 5 sin 70°
=~ 1.71 = 4.70
(1.71, 4.70)
44b. (3.76, 1.37) + (1.71, 4.70)
=(3.76 + 1.71, 1.37 + 4.70)
= (5.47, 6.07)
44c. 5.47 = r cos 0; 6.07 = r sin 0
6.07 _ rsinf
5.47 rcosf
% =tan 6
47.98 = §; 47.98°
5.47 = r cos 47.98°
54T _
cos 47.98°
817 =r
8.170147.98°
44d. 8.17 sin (3.14¢ + 47.98°)
45. r = 2asin 0 + 2a cos 6

r2 = 2ar sin 6 + ar cos 0
x2 + y2 = 2ay + 2ax
x2 — 2ax + y2 — 2ay = 0
x—a)?+ @y — a)? =242
The graph of the equation is the circle centered at
(a, @) with radius V20a0.

46. 90°

120° 60°

150°, 30°

180°

]
30

210° 330°

240° 300°

270°

Sample answer: (—2, 405°), (—2, 765°), (2, 225°),
(2, 585°)
(r, 6 + 360k°)
= (=2, 45° + 360(1)°) - (—2, 405°)
- (=2, 45° + 360(2)°) — (=2, 765°)
(-r, 0 + (2k + 1)180°)
- (2, 45° + (1)180°) — (2, 225°)
= (2, 45° + (3)180°) - (2, 585°)
Or2 = 502 + 4252 = 2 - 50 - 425 cos 30°
0r0 ~ 382.52 mph

47.

48.

50 _ 382.52 F
sin 6 sin 30° 0
50 sin 30° = 382.52 sin 6 30°[425 mph
50 sin 30° _ .
35252 — Sind 50 mph
3°45" = 0

The direction is 3°45" west of south.
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49.

50.

51.

52.

53.

54.

55.

sin2A=cosA -1
1—cos2A=cosA—-1
0=cos?2A +cosA— 2
0=(cos A+ 2)(cosA—1)

cosA+2=0 or cosA—1=0
cosA=—2 cosA=1
A=0°

y

/’ y=2co0s 0

1..

o 9b°\1£30/70° 360° 0
71..
_2..

The terminal side is in the
third quadrant and the
reference angle is
210 — 180 or 30°.

V3

cos 210° = ——~

Enter the x-values in L1 and the f(x)-values in L2
of your graphing calculator. Make a scatter plot.
The data points are in the shape of parabola.
Perform a quadratic regression.
a=—0.07,b=0.73,c ~ —1.36

Sample answer:

y=—0.07x2 + 0.73x — 1.36

20100 -3 0 —20
24 810 20
124 51000
x + 2x3 + 4x2 + 5x + 10
m=S52=18 " (y - 145) = 60(x — 17)
=60 y = 60x — 875

x>yandy >z s0x > z.
Ifx>z,then0<§< 1.

The correct choice is C.

9-4

Polar Form of a Linear Equation

Pages 577-578
1.

Check for Understanding

The polar equation of a line is p = r cos (0 — ¢).

r and 6 are the variables. p is the length of the
normal segment from the line to the origin and

¢ is the angle the normal makes with the positive
x-axis.

. For r to be equal to p, we must have cos (6 — ¢) =

1. The first positive value of 6 for which this is
trueis 6 = o¢.

Chapter 9
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3. The graph of the equation x = k is a vertical line.

Since the line is vertical, the x-axis is the normal
line through the origin. Therefore, ¢ = 0° or ¢ =
180°, depending on whether £ is positive or
negative, respectively. The origin is k(] units
from the given vertical line, so p = k[ The polar
form of the given line is £ = r cos (f — 0°) if & is
positive or —k = r cos (f — 180°) if k is negative.
Both equations simplify to & = r cos 6.

. You can use the extra ordered pairs as a check on

your work. If all the ordered pairs you plot are not
collinear, then you have made a mistake.

L =VAZ + B2 = +V32 + (—4)2

==*5
Since C is negative, use +5.
%x - %y —-2=0
cos¢>:%, sin ¢ = —%,p:2
¢ = Arctan —%
~ —53°or 307°

p=rcos (@ — ¢)
2 =rcos (# — 307°)

L+ VA2 + B2 = +V(—2)2 + 42

= +x2V5
Since C is negative, use +2V5.

2 4 9
st sy T avs 0

_ VB2V _ 95
cos ¢ = _?,SIHQS—T,])— 10
¢ = Arctan(—2)
~ —63°

Since cos ¢ < 0, but sin ¢ > 0, the normal lies in
the second quadrant.
¢ = 180° — 63° or 117°

p=rcos (@ — ¢)

91—\§ =rcos (f — 117°)

. 3 =rcos (0 — 60°

0=rcos(# —60° — 3
0 = r (cos 6 cos 60° + sin 6 sin 60°) — 3

O:%rcos(9+§rsin0—3
_1 VEN
0—§x+7y 3

O=x+\/§y76or
x+\/§y—6=0
r:2sec<0+%)
reos (0 +7) = 2

r(cosﬁcosﬂ—sinesin1>—2:0

4 4
%rcosﬁ—%rsin0—2=0
V2. V2L o
\/Qx—\/iy—4=0



11a. p=rcos(0—¢)a5=rcos<

11b.

51
-%)
Since the shortest distance is along the normal,
the answer is (p, ¢) or <5, %")

Pages 578-579 Exercises
12. +VA2 + B2 = +\V/72 + (—24)2
= +25

13.

Since C is positive, use —25.

7 24
Xt 55y —4=0

T - 24
cos ¢ = —2*5,s1n¢:%,p:4
¢ = Arctan —2—74
~ —T74°

Since cos ¢ < 0, but sin ¢ > 0, the normal lies in
the second quadrant.
¢ = 180° — 74° or 106°
p=rcos (0 — ¢)
4 =rcos (0 — 106°)
+VA2 + B2 = +\V212 + 202

=+29
Since C is negative, use +29.

21

Sg SIn ¢ =
= 20

¢ = Arctan o
=~ 44°

p=rcos (0 — ¢
3 =rcos (§ — 44°)

.p =3

cos ¢ = 59

285

14.

15.

16.

17.

18.

+VAZ+ B2=+Ve62+ (—8)>2
= =*10

Since C is negative, use +10.

6 8 21 _

0* "1 "0 0

cos¢=%,sin¢> = f%,p =21
¢ = Arctan —%
~ —53°
Since cos ¢ > 0, but sin ¢ < 0, the normal lies in
the fourth quadrant.
¢ = 360° — 53° or 307°
p=rcos(®— o)
2.1 =rcos (0 — 307°)
*VA2+B2==xV32+ 22
=*V13
Sinc C is negative, use =V 13.
3 2 5
vttt vy T v =0
3V13s . _2Vi3  _ 5V13
13 2SI =T p = g
¢ = Arctan (%)
~ 34°
p=rcos (@ — ¢)
—5\1/31_3 = rcos (f — 34°)
*VA2 + B2 = V42 + (-5)?
=*+*V14
Since C is negative, use =V 41.
Val
-5V41  10V41
a PT

cos ¢ =

4 5
Var¥ T vy
_ v

41
¢ = Arctan (*%)
~ -51°
Since cos ¢ > 0, but sin ¢ < 0, the normal lies in
the fourth quadrant.
¢ = 360° — 51° or 309°
p=rcos (@ — )

10va1 = rcos ( — 309°)

cos sin ¢ =

41
*VAZ+ B2= £V (-1)? + 32
=+V10
Since C is negative, use +V 10.
L+ 32,1 )
“vior T vieY T Vio
Vio .
cos ¢ = -~ sin¢ = AS\l/Oﬂ),p = ngTO
¢ = Arctan (—3)
~ —172°

Since cos ¢ < 0, but sin ¢ > 0, the normal lies in
the second quadrant.
¢ = 180° — 72° or 108°

p=rcos (@ — ¢)

71—\/01_0= r cos (f — 108°)

6 = rcos (f — 120°)

0 = r (cos 0 cos 120° + sin 6 sin 120°) — 6
0= —%rcosﬂ+§rsin0—6

0= —%x-i—?y—ﬁ

O=—x+\/§y—120r
—x+V3y—12=0
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19.

20.

21.

22.

23.

p— T

4—rc0s(0+z)

- T A
O—r(cos@cosz smt981n4) 4
O:%rcosé)*%rsin@fél

O=¥x—¥y—4
O:\/ix—\/§y—8or

\/§x—\/§y—8=0
=rcos (§ +m
=r(cos § cos m — sin 0 sin ) —2
= —rcosf—2

0=-x—2

x= -2

1 = rcos (6 — 330°

= r (cos 6 cos 330° + sin 0 sin 330°) — 1
0_\/S 1. _

=5 rcosf+grsing -1

—Nv3, 1,

O—?x 2_)/ 1

O=\/§x—y—20r
\/gxfyf2=O
r=1lsec(6+%>
rcos(@-i—%“):ll

r(cochos%T—sinﬂsin%“)—11=0
?rcosOJr%rsintll:O

V3 1., _
7x+§y 11=0

—\/§x+y—22:0
r=>5sec(f — 60°)
rcos (f —60°) =5
r (cos 6 cos 60° + sin 6 sin 60°) — 5 =0

%rcos0+§rsin0—520

NS

2
3

w3

Chapter 9

(+1)=—(@x—4) - 2+3y—5=0

+VA2 + B2 = +V22 + 32

= *V13

Since C is negative, use +V 13.
2 3 5
vis + vz — vz =0

_ 2V13 _. _ 3V13 _ _ 5V13
COS ¢ =g SIne = TP = g
¢’=Arctang

= 56°

p=rcos (@ — ¢)

5%73: r cos (0 — 56°)

31. p=rcos (6 — ¢)
_>p:300s(%—¢>
ﬁp=2cos(%—¢>
Use a graphing calculator and the INTERJECT
feature to find solutions to the system at (2.25,
0.31) and (5.39, —0.31). Since p, the length of the

normal, must be positive, use ¢ = 2.25 and p =
0.31.

0.31 = rcos (f — 2.25)

32a. p=rcos (0 — ¢) - 6 =rcos (f — 16°)

Since the shortest distance is along the normal,
the closest the fly came was p or 6 cm.

32b. (p, ¢) or (6, 15°)

33. Since both normal segments have length 2, p must
be 2 in both equations. Since the two lines
intersect at right angles, their normals also
intersect at right angles. This can be achieved by
having the two ¢-values differ by 90°. To make
sure neither line is vertical, neither ¢-value
should be a multiple of 90°. Therefore, a sample
answer is 2 = r cos (f — 45°) and 2 = r cos (6 —
135°).

34.m =0
y—-49=0x—-5)-y—4=0
cosp=0,sin¢p=1,p=4
Since cos ¢ = 0 when sin ¢ = 1, ¢ = 90°.
p=rcos (@ — o)

4 = rcos (6 — 90°)



35a.

AR
sy
N

35b. p = rcos (6 — ¢)

- p=125cos (130 — ¢)

- p = 300 cos (70 — ¢)

Use a graphing calculator and the INTERSECT
feature to find the solutions to the system at
(—45, —124.43) and (135, 124.43). Sinc p, the
length of the normal, must be positive, use ¢ =
135° and p = 124.43.

124.43 = r cos ( — 135°)

36. k=rsin (@ — o)

37.

38.

39.

k = r [sin 6 cos a — cos 0 sin «]

k =rsinf cos o — rcos f sin o

k=ycosa— xsina

This is the equation of a line in rectangular
coordinates. Solving the last equation for y yields
y = (tan a)x + k_ The slope of the line shows

cos o’
that « is the angle the line makes with the x-axis.

To find the length of the normal segment in the
figure, observe that the complementary angle to «
in the right triangle is 90° — «, so the f-coordinate
of Pin polar coordinates is 180° — (90° — «a) =

a + 90°. Substitute into the original polar
equation to find the r-coordinate of P:

k= rsin (o + 90° — «)

k = r sin 90°

k=r

Therefore, k is the length of the normal segment.
y €

p=rcos (0 — ¢)

- p = 40 cos (0° — ¢)

- p = 40 cos (72° — ¢)

Use a graphing calculator and the INTERSECT
feature to find the solutions of the system at
(—144, —32.36) and (36, 32.36). Since p, the length
of the normal, must be positive, use ¢ = 36° and

p = 32.36.
32.36 = rcos (6 — 36°)
r==6
Vi +y2=6
x2 + y2 = 36
The graph of a polar equation of the form

r = a sin nb is a rose.

287

40. x — 3y =6
y="2L8
y=%xf2

x=t,y=%t—2
41.A:3—2’O(7rr2)

- 35 ()
~ 20.42 ft2
42.

sin 360° = y or 0.

203 + 5x2 — 12x =0
x(2x2 + 5x — 12) =0
x(2x — 3)(x +4) =0

x=00rx=%orx=—4

c2 —d? =48

(c+ d)(c—d) =48
12(c — d) = 48
c—d=4

43.

44.

Page 579

90°
1. 120°

150°

180°

210°

5.7 =V (V2?2 + (-V2)?
=V4or?2

‘22 5_17) 49 g
g
6. r="V02+ (—4)2

=V16or 4

Since 360° lies on the x-axis
of the unit circle at (1, 0),

Mid-Chapter Quiz

NS

(1.0)

w3

0 = Arctan <;\/§)

v

4
Since (—V'2, —V2) is in the third quadrant,
=m+ Torl™

Since x = O wheny = —4,0 = 37“

(+.%)
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7.

10.

. =VA2 + B2 =

x2 + y2 = 36
Va2 +y2 = +V36
r=6orr=—6

r=2csch
rsinf =2
y=2

+V52 + (—12)2
= *13
Since C is positive, use —13.

1 3 _9

5 2.
B3 T3

3

5 . 12
cos¢=—§,sm¢v=ﬁ,p=ﬁ

_ 12

¢ = Arctan (f?)
=~ —67°

Since cos ¢ < 0, but sin ¢ > 0, the normal lies in

the second quadrant.

¢ = 180° — 67° or 113°

p =rcos (— ¢)

% =rcos (§ — 113°)

+VA2 + B2 = =V(-2)2 + (-6)

+2V10

Since C is negative, use +2V10.
2 6 2 _
2VIx | 2VioY | 2vio

3Vio V1o
10 P~ 1

Vo .
cos ¢ = ~ 0 siln ¢ = —

¢ = Arctan (ji’)
~ T72°
Since cos ¢ < 0 and sin ¢ < 0, the normal lies in
the third quadrant.
¢ = 180° + 72° or 252°
p=rcos (@ — o)
Vio r cos (6 — 252°)

10

9-5

Simplifying Complex Numbers

Page 583
1.

Check for Understanding

Find the (positive) remainder when the exponent
is divided by 4. If the remainder is 0, the answer
is 1; if the remainder is 1, the answer is i; if the
remainder is 2, the answer is —1; and if the
remainder is 3, the answer is —i.

Complex Numbers (a + bi)

Reals
(b=0)

Imaginary
(b + 0)

Pure
Imaginary
(a=0)

. When you multiply the denominators, you will be

multiplying a complex number and its conjugate.
This makes the denominator of the product a real
number, so you can then write the answer in the
form a + bi.

Chapter 9
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10.

11.

12.

Pages 583-585
13.

14.

15.

16.

17.

18.

19.

20.
21.

22.

. Sample answer: 2 + 1 =0

(x — i)(x + i) = 0, where the solutions are x = *i.
X2+ xi—xi —i2=0

x2—(-1)=0
2+1=0
. i76:(i4)72.i2
=172.(-1)
=-1
L1104 32 = (922 + 2
= (1)%i2 + {2
=—-1+(-1)or—2
L2+3)+(-6+0)=2+(—6) + @3i+1iQ)
= —4+ 4i
. (2.3 +4.1i) — (—1.2 — 6.30)
= (2.3 = (—1.2)) + (4.1i — (—6.30))
= 3.5 + 10.4i
.24+ 4)+ (-1+50) =2+ (=1) + 4i + 5i)
=1+9
(—2-9?=(-2-(-2 -1
=4 + 4i + i2
=3+ 4i
i i 1-2i
1+2i 1+2 1-2i
-2
142
_i+2
5
2, 1.
:g‘l’gl

(2.5 + 3.10) + (—6.2 + 4.30)
= (2.5 + (—6.2)) + (3.1i + 4.3i)
= 3.7+ 74iN

Exercises
i6=i4.q2

=1--1

=—i
— (i4)444
= 1444
=1

i9 + i75 — (i4)2 i+ (i4)72 . i3
=12-i+172- -
=i+ (—i)or0
(8 + 2i) + (—4 + 6i) = (3 + (—4)) + (2i + 6i)
=—-1+8i
(7 — 4i) + (2 — 3i) = (7T + 2) + (—4i — 3i)
=9-17i
Eri)-@-d=((+2)+G— (i)
=-3+2i
(=3-9) -4 -5)=(=3+(-4) + (=i — (-5))
=—7+4i
(2 + i)(4 + 3i) = 8 + 10i + 3i2
=5+ 10i
1+ 4i)2 = (1 + 4D)A + 4i)
=1+ 8i + 16i2

—-15 + 8i



23. (1 + V7i)(—-2 — V50)
= -2 —V5i - 2V7i — V352
= (=2 + V35) + (-2V7 — V5)i

24. 2+ V=3)(-1 + V-12)

-2 4+ 2V12i — V3i

+ V36i2
=-2+4V3i-V3i-6
= -8+ 3V3i

2+i _ 2+i  1-2i
25'1+2i_1+2i 1-2i
2 -3i—2i?
1452
_4-3i
5
4 _ 3.
=5 5
3-2i _ 3-2 —4+i
26. TS o T4t
—12 + 11i — 2i2
- 16 — i2
_ —10 +11i
17
_ 10 , 11.
=t
5-i_5-i 5-i
27'5+i75+i 5—1i
25— 10i + i2
T 252
_ 24 —10i
26
=12 _5;
13 13
28. (x —D)x+1i) =0
x2—i2=
2+1=0
29. x—C+d)x—-2—-1)=0

x—2-Dx—2+0)=0

X2 —9%x+xi—2x +4—2 —xi+2—i2=

2 —4x+4+1=0

22 —4x+5=0

30. (2 — )3 + 2i)(1 — 4i) = (6 + i — 2iD(A — 4i)
= (8 + i)(1 — 4i)
8 — 31i — 4i?

=12 — 31i

31. (—1 — 3i)(2 + 2i)(1 — 2i) = (—2 — 8i — 6i2)(1 — 2i)

= (4 — 8i)(1 — 2i)
4 — 16i + 16i2

= —-12 — 161
l .\/_~ l ,\/_.
32, 2+ 3i _ 2+ 31‘ 1+\/§‘:
1-V2i 1-V2i 1+Vai
%+¥‘+3i+6i2
1 - 2i2
(3-v8)+ (5 + va)
= 3
_(1_ V6 V3, V2).
—<§ ?)*(?*T)’
33 2-V2i  2-V2i 3-Vei

3+V6i 3+V6i 3-\V6i
_ 6-2Vei - 3V2i + Vi2:2
- 9 — 6i2

6 -2V3) + (-2V6 — 3V2)i
15

--2) + (7 - 20

2+ V3i(=1+ V12i)

289

34.

3+

3+1i

35. (“3 2 =

36a.

36b.

36¢.

37a.

37b.
37c.

37d.

[

(1 + )2

2+i2+1i)
3+i

T4+ 4i+i2
3+
3+ 4i

3+i 3-—4i
3+4i 3-—4i
9 — 9i — 4i2

9 — 16i2
13 - 9i

25
13 _ 9,
25 25

1+ A+ 1)

(=3 + 2i)(—3 + 2i)
1+2i+i%

= 9 — 12i + 4i?
2i

5 — 12i
2i 5+ 12i

5—12i 5+ 12i
10i + 24i%

_ —24 +10i

169
—155 * Tegt
Z=R+ Xy — X0
- Z=10+(1—-2)j - Z=10 — johms
-Z=3+1-1)j - Z=3+ 0johms
10 -+ @B+ 0j) =00+ 3) + (—1j + 0j)
= 13 — j ohms

8=t
__ 1. 6-3

S =

N [=
[e2}
+
&

T 36— 952
_6-3j

=~ (0.13 — 0.07j siemens
—8i + V(8i)2 — 4(1)(~25)
2(1)
_ —8i+V36
2

x =

==*+3—4i
No
The solutions need not be complex conjugates
because the coefficients in the equation are not
all real.
(83— 4i)2+8i(3—4i) — 2520
-7 —-24i +24i+32—-2520
0=0

S|

(—3 —4i)2 + 8i(—3—4i) — 2520
T+ 24i —24i +32-2520
0=0

38. flx + yi) = (x + yi)?

39a.

= x? + 2xyi — y?

= (% — y?) + 2xyi
zo=2-1
21:i(2—i)+i20r1+2i
z2g=i(2i +1) =22 +ior—2+i
zs=i(-2+1i)=—-2i+i%or —1 - 2i
zg=i(-1—-20)=—i—2i%0r2 i
zs=i@2—i)=2i—i%orl+2i
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39b. z, = 1 + 0i
z, = (0.5 — 0.866i)(1 + 0i) = 0.5 — 0.866i
2, = (0.5 — 0.8661)(0.5 — 0.8661)

0.25 — 0.866i — 0.75

= —0.500 — 0.866i

23 = (0.5 — 0.866i)(—0.500 — 0.8661)
= —0.250 — 0.750
= —1.000 — 0.000i

z4 = (0.5 — 0.866i)(—1.000) = —0.500 + 0.866i

z5 = (0.5 — 0.866i)(—0.500 + 0.8661)
= —0.250 + 0.866i + 0.75
= 0.500 + 0.8661
N3 _ 1
40. (1 + 2i) ° = 1+ 20

1
= (=3 + 41 + 20)
1

—11 - 2i
_ 1 -1+ 2i
To-11-20 —11+2i
_ —11+2i
125

AL, 2.
= ~125 T 155¢

41. ¢ (cos 2t + i sin 2¢) + cy(cos 2t — i sin 2t)
= ¢y cos 2t + cqi sin 2t + ¢,y cos 2t — cyi sin 2¢
= (c; + cg)(cos 2t) + (c; — ¢,)(i sin 2¢)
= (cq + ¢y)(cos 2t) only if ¢; = ¢,
NATT R = = VT (<P
= +2V10
Since C is positive, use -2v/10.

42.

6 42 3 _
2vio® T 2vio? | 2vio
3V10 .
T,Sln¢:@p:—3m

cos ¢ = — 10 20
1
¢ = Arctan (*g)

~ —18°
Since cos ¢ < 0, but sin ¢ > 0, the normal lies in
the second quadrant.
¢ = 180° — 18° or 162°
p=rcos (@ — ¢)

3V10 _ _ o
T—rcos(ﬁ 162°)

44. (x — (=3),y — 6) = K1, —4)

(x+ 3,y —6) =K1, —4)

45. u = 1(~8,6,4) — 2(2, =6, 3)
- <—2, 3, 1> — (4, —12, 6)
{29
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_ 5
cothE

1 + cot? B = csc2 B
1+(i)2— ’B
15) =csc

46. tan o = %
tanZa + 1 = sec? a

2 169
25 _ 2 169 .2
9 = sec’a 1aa = Csc” B
9 _ 2 144 . 9
o5 = C0s” 169 — sin® B
3 12 .
5 = COS 13 =sinB

sin2B+cos2B=1
12\2

12 2 _

(13> +cos*B=1

25

cos? B =149

. 5

sina =3 cos B =13

cos (o + B) = cos a cos B — sin a sin B

- ()~ ()

47. amplitude = %(7) or 3.5

iod = 2% or T
period = 75 Or ¢

y = 3.5 cos (%t)
48. h =xV3

*V3
tan 52° = 7,

x tan 52° + 45 tan 52° = x\V3
3 = —45 tan 52°
—45 tan 52°
tan 52° — V3
x =~ 127.40
h =xV3 =127.40(V3) = 221 ft

x tan 52° — x

45 ft X

49. Enter the x-values in L1 and the f(x)-values in L2
of your graphing calculator. Make a scatter plot.
The data points are in the shape of a parabola, so
a quadratic function would best model the set of

data.
Let d = depth of the original pool.
The second pool’s width = 5d + 4, the length =
10d + 6, and the depth = d + 2.
(5d + 4)(10d + 6)(d + 2) = 3420
(50d2 + 70d + 24)(d + 2) = 3420
50d3 + 100d2 + 70d2 + 140d + 24d + 48 = 3420
50d? + 170d? + 164d — 3372 =0
25d3 + 85d2 + 82d — 1686 = 0
Use a graphing calculator to find the solution
d=3.
The dimensions of the original pool are 15 ft by
30 ft by 3 ft.

51. 80 = k(5)(8)

50.

2=~k
¥ =2(16)(2)
=64



52. y="17— x2
x=T—y

x—T7T=—y
—x+7=5»2
V-x+T=y
flx) ==V7—x

53. |y

ov(-+1,1) X

fle,y) = —2x+y
f(-1,1) = —2(—-1)+ 1lor3
f(6,1) = —2(6) + 1or —11
(6, 8) = —2(6) + 8 or —4
The maximum value is 3 and the minimum value
is —11.
54, x+2y—Tz= 14
—x — 3y + 5z=—-21

—y—2z= -7
—x—3y+5b6z=-21 - —bx — 15y + 25z = —105
bx —y+2z= -7 bx — y+ 2z=-T7
—16y + 27z = —112
-y —2z=-17 - 16y + 32z = 112
—16y + 27z = —112 —16y + 27z = —112
59z =0
z=0
-y — 2(0) = -7 - y=17
x+2(N—-70)=14 - x=0
0, 17,0)

55. Since BC = BD, mOBDC = m ODCB = x
m ODBC = 180 — 120 or 60.
x +x+ 60 =180
2x = 120
x = 60
x + 40 = 60 + 40 or 100
The correct choice is A.

9.5 | The Complex and Polar Form
of Complex Numbers

Pages 589-590 Check for Understanding

1. To find the absolute value of a + bi, square a and
b, add the squares, then take the square root of
the sum.

2.i=0+ i;cos%= Oandsin%= 1
i= cos%-ﬁ- isin%
3. Sample answer: z; = i, z, = —i
ey + 20 = Ozy0 + Oz,0
08 + (—i)0 2 0i0 + 0-i0
ooxi+1i
0+ 2i

4. The conjugate of a + biis a — bi.
Vi(a + bi)(a — bi) = Va2 + b2, so the friend’s
method gives the same answer.
Sample answer: The absolute value of 2 + 3i is
V22 + 32 = V13. Using the friend’s method, the
absolute value is V(2 + 3i)(2 — 3i) = V4 + 9 =
V13.

5. 2x +y+ (x+y)i=5+4i

20 +y=25 x+y=4
2x+ (—x+4) =5 y=-x+4
x=1
y=—(1)+4o0r3
6. 7.
I I
2 )
- 1 T, V2)
1 1
)4
(0]
— 4 — i R —4 - O i R
1 -1
-2 11
“2 ~2

EO=V(-22+ (-1)? EO=V12+ (V2)?

=V5 =V3
8. r=V22+ (—2)2 0 = Arctan (%) + 27
T

=V8or2V2 =7

0 1s in the fourth quadrant.
2—-2i= 2\/5(005%%— isin%ﬁ)

9. r=V42 + 52 0 = Arctan (%)
=V41 = 0.90

4 + 5i = V41(cos 0.90 + i sin 0.90)

10. r = V(=2)2 + 02

0
0 = Arctan —5 + 7

=V4or?2 =1
0 is on the x-axis at —2.
—2 =2 (cos ™ + i sin )

4(cos % + i sin 3> 2(cos 3 + i sin 3)

1 .(V3 .
=43 +i(3Y)) ~ 2(~0.99 + i(0.14))
=2+ 2V3i = —1.98 + 0.28i
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13. )

ol
iy

3 ..
5(cos 27 + i sin 2m)
3

=5 (1 +i(0)
_3
-2
14. i
4
.63
{090 R
—1 Ol /o 1130
-0.38i ¢
-1

15a. magnitude = V102 + 152

=325
~18.03N
15b. 6 = Arctan %
~ 56.31°
Pages 590-591 Exercises

16. 2x — 5yi = 12 + 15i

2¢=12 —by =15
x=6 y=-3
17. 1+ (x + )i =y + 3xi
1=y x+y=3x
x+ (1) = 3x
1=2x
1
5 =X
18. 4x +(y—DBi=2x—y+ (x + 7)i
y—5=x+7 dx =2x — y
y=x+ 12 dx = 2x — (x + 12)
3x = —12
x=—4

y=(-4)+12o0r8

Chapter 9
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19. 20.
i i
23y 1
7/
[0) R ON R
N
\\

(31 _4)
0= V22 + 32 k0= V32 + (-4)2
=V13 =V25o0rb

21. 22.
i i
[0)
/ R O R
I (u’ _-3)
[
(+1,]-P)

0= V(=12 + (=52 0=V02 + (-3)2

=126 =V9or3
23. 24.
(1B |7 i
I‘ 2
\ Ve
1 (4,V2)
)
T
—2 11 0 > R o) R

—_

0=V (-1)2+ (V5?2 EO=V42+ (V2)?
=V6 =V18or 3V2
25. r ="V (-4)2 + 62
=V5H2or2V13
26.r="V32+ 32
=V18or 3V2 = %
3+3i= 3\/§<cos%+ isin%)
27.r=V (=12 + (-V3)?2 0= Arctan(
=V4or?2 = %T
6 is in the third quadrant.
-1-V3i= 2(0054?1T + isin%)
28. r = V62 + (—8) 6 = Arctan (&) + 2m

="V100 or 10 ~ 5.36
6 is in the fourth quadrant.
6 — 8i = 10(cos 5.36 + i sin 5.36)

_V/3
=} > + 1



29. r = V(-4)2 + 12

30.

31.

32.

33

34.

0 = Arctan <%4> +
=V17 ~ 2.90

0 is in the second quadrant.
—4 +1i="V17(cos 2.90 + i sin 2.90)

r=V20% + (—21)2 0 = Arctan (%) + 27
= V841 or 29 =~ 5.47

0 is in the fourth quadrant.
20 — 21i = 29(cos 5.47 + i sin 5.47)

r=V(-2)72 + 42 6 = Arctan (%) +
=V20or 2V5 ~ 2.03

0 1s in the second quadrant.
—2 + 4i = 2V/5(cos 2.03 + i sin 2.03)

r=WV32+ (2 0 = Arctan (%)
=V9or3 =0

0 is on the x-axis at 3.
3 = 3(cos 0 + i sin 0)

r="V(-4V2)? + 0
=V32o0r4V2

6 is on the x-axis at —4V2.
—4V2 = 4V/2 (cos 7 + i sin )

0
0 = Arctan s +

=

r=Vo0?2+ (-2)2
=V4or2
Since x = 0 wheny = —2,60 = 3%

. 3m | . . 3mw
—21—2(c0s 5 T isin 2)

™ I
3(cos 4 T isinyg

s ()

~—
o

ol

10(cos 6 + i sin 6)

~ 10(0.960 + i(—0.279))
= 9.60 — 2.79i

293

2(005 %ﬂ + i sin %ﬂ)
o i(5)

5(cos 0 + i sin 0)

2.5(cos 1 +isinl)
=~ 2.5(0.54 + i(0.84))

= 1.35 + 2.10i
2 o
éﬂ' i 2 =
5o m
6 6
( 0
T TR
iy 1w
6 6
4x S5x
4 3y
3 =7 3

3(cos m + i sin )

= 5(1 + 0) =3(-1+0)
=5 =-3
43. i
T
—0.44 405
[
\\
R
- O\ 0/50 —p.30i
| »0.60,—0.39/
\\ 44— 0.4
Joi25/—i 11
44. A
1 [0} R
=1
45. i
1
+07o # @.of
1 O 1 R
L0.5 0.5/
1
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46a.

46b.

46¢.

47.

48a.

48b.

48c.

49a.
49b.
49c.
49d.
50a.

50b.

50c.

50d.

40030° = 40(cos 30° + j sin 30°)
-3 4 ()
= 34.64 + 20j
60060° = 60(cos 60° +
= 60(3 +i(%)
= 30 + 51.96j
(34.64 + 20j) + (30 + 51.96))
= (34.64 + 30) + (20j + 51.96j)
= 64.64 + 71.96j
v(t) = r sin (250t + 6°)

r="V64.642 + 71.962 0 = Arctan 5,4,

=~ 96.73 ~ 48°
u(t) = 96.73 sin (250¢ + 48°)

The graph of the conjugate of a complex number is
obtained by reflecting the original number about
the real axis. This reflection does not change the
modulus. Since the amplitude is reflected, we can
write the amplitude of the conjugate as the
opposite of the original amplitude. In other words,
the conjugate of r(cos § + i sin 0) can be written as
r(cos (—6) + i sin (—0)), or r(cos § — i sin 0).
10(cos 0.7 + j sin 0.7) = 7.65 + 6.44j
16(cos 0.5 + j sin 0.5) =~ 14.04 + 7.67j
(7.65 + 6.44j) + (14.04 + 7.67j)
= (7.65 + 14.04) + (6.44j + 7.67j)
= 21.69 + 14.11j ohms

r=V21.692 + 14.112 0 = Arctan oree

~ 25.88 ~ 0.58
21.69 + 14.11j = 25.88 (cos 0.58 + j sin 0.58) ohms

Translate 2 units to the right and down 3 units.

S’ sin 60°)

71.96

Rotate 90° counterclockwise about the origin.
Dilate by a factor of 3.
Reflect about the real axis.

Sample answer: let z; = 1 + i and z, = 3 + 4i.
2125 = (1 + )(3 + 4i)
-1+ 17

2, = \/§<cos% + isin %) =~ 1.41(cos 0.79 + i sin 0.79)

29 = 5(cos 0.93 + i sin 0.93)
2129 = 5V2(cos 1.71 + i sin 1.71)
= 7.07(cos 1.71 + i sin 1.71)
Sample answer: Let z; = 2 — 4i and
29 = —1 + 3i. Then
z; = 2V/5(cos 5.18 + i sin 5.18)
=~ 4.47(cos 5.18 + i sin 5.18),
zy = V10(cos 1.89 + i sin 1.89)
~ 3.16(cos 1.89 + i sin 1.89), and
2129 = (2 — 4i)(—1 + 3i)
=10 + 10
10\/§(c0s % + i sin %)
14.14(cos 0.79 + i sin 0.79).

To multiply two complex numbers in polar form,
multiply the moduli and add the amplitudes. (In
the sample answer for 50c, note that 5.18 + 1.89
= 7.07, which is coterminal with 0.79.)
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51.

52.

53.

54.

55.

56.

47.

58.

59.

(6 — 2i)(—2 + 3i) = —12 + 22i — 6i2

= —6 + 22i
x = —3cos — 135° y = —3sin — 135°
V2 V2
= —3(~%) = —3(~%)
_ 32 _3V2
- 2 2
(3_\@ 3_\@)
20 2
magnitude = V (—3)2 + 72
= V58
(=8,7=-38i +17j
tan 105° = tan (60° + 45°)
tan 60° + tan 45°
= 1 — tan 60° tan 45°
__Va+1
1= (VB
_VB+1 1+V3
T1-V3 1+V3
_ V3+3+1+V3
_4+2V3
- -2
=-2-V3
0
w=7y
= @or 241
U= rw

= 18(24m) or 4327 cm/s
4327 cm/s = 4.327 m/s

~ 13.57 m/s
sin A = 1
A =sin"! (%)
A=~41.8°
V2a—-1=V3a-5

20 —1=3a—5
4=aqa

ASX » ©,y - 0 AS X —» —®0, Y — ©

y= 2x2 + 2
x Y
—1000 2 % 106
-10 202
0 2
10 202
1000 2 X 108

In the fourth month, the person will have received
3 pay raises.

$500(1.10)% = $665.50

The correct choice is D.



968 | Graphing Calculator Exploration: 5.or=14 o="1-2
Geometry in the Complex Plane _ s
6 2
% cos | —5 ) + isin —% = %(0 + (—1)i)
Page 592
1. They are collinear. = —%i
6r=%or2 0=%—<—%)
e gone” :%ﬂ—%%ﬁrorl}fw
ry L 2(cos 1% + i sin 1%) = 2(—72 + t(%))
4m0 ot =-\V2 +V2i
7. r=5(6) or 3 o="7+2
Sty
2. Yes. M is the point obtained when 7'= 0, and N is 3( s Lw) _ 3(_@ 4 _;))
the point obtained when 7' = 1. C0S7g T IS g ) = 2 N2
3. The points are again collinear, but closer together. = —37 - %z
8.7, =V22+(@2V3)2  ry=V(-3)?2+ (V3)?
=V16or4 =V12o0r2V3
r=4(2V3) or 8V3
0, = Arctan (%) 0, = Arctan <X—§> + @
™ 5
=3 =5
™ 5w
0=5+7%
4. The points are on the line through M and N. =2 I
5. If one of a, b, or ¢ equals 0, then aK + bM + ¢N is m . . Tm V3 .1
i ’ 8V3(cos g +isinTg ) =8V3(—5 +il5
on AKMN. If none of a, b, or ¢ equals 0, then <COS 6 T IS g ) ( 2 _l(Q))
aK + bM + c¢N lies on or inside AKMN. = —12 - 4V3i
6. M is the point obtained when T = 0 and N is the 9. E=1Z
point obtained when 7' = 1. Thus, a point between = 2(cos HT“ + j sin HT“) . 3(cos % + j sin %)
M and N is obtained when 0 < 7' < 1. _y Clmow
7. The distance between z and 1 — i is 5. This r=2@3)or6 0="% 3
defines a circle of radius 5 centered at 1 — i. = HTﬂ + %T
8. The distance between a point z and a point at _ 13w or X
2+ 3iis 2. . . 6 76
- (2 +3)0=2 V= 6<cos s TJsin g) volts
g.7 | Products and Quotients of Pages 596-598  Exercises
Complex Numbers in Polar Form 10. r = 4(7) or 28 b=5+7%
= orm
3
Pages 596 Check for Understanding 928(cos  + i sin ) = 28(—1 + i(0))
1. The modulus of the quotient is the quotient of the = —98
moduli of the two complex numbers. The 1 r=%0r3 g3 _m
amplitude of the quotient is the difference of the TEgor B
. 2m ™
amplitudes of the two complex numbers. =, ory
2. Square the modulus of the given complex number 3<cos % +isin %) = 3(0 + i(1))
and double its amplitude. = 3i
3. Addition and subtraction are easier in rectangular 1
form. Multiplication and division are easier in 12. r = 2 or L g _ T
polar form. See students’ work for examples. ’ 3 6 ; 6
4.7=2 2o0r4 =7+ N
1 L . . 1 3 1
— 47‘” or 2 g(cos e+ isin g) = 5(7 + l(g))
4(cos 2m + i sin 2m) = 4(1 + i(0)) R,
=4
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13. r = 5(2) or 10 ,9:,n-+%"
—%TJr%or%ﬁ
10<cos%+isin 7:)—10(ﬁ+ ( \f))
=5V2 — 5V2i
14. r = 6(3) or 18 0:_%+%
2m 5m
=7% T 6
3w ™
=?OI‘§
18(cos § + i sin 5 ) = 18(0 + i(1))
= 18i
15.r:%0r3 0:%’7_%
_ Mwm 3w 1w
6 "6 T
3<cos p +Ls1nlé>:3ﬁ (7%)
_ 33 3,
=2 T ot
16. r = 2(3) or 6 0 = 240° + 60°
= 300°
6(cos 300° + i sin 300°) = 6(% + i(—?)
=3 - 3V3i
ﬁ T 3
17. r = NG 027_7
2 dm
=-,orm
_nE
=" or
2(cos m + i sinm) = 2(—1 + i(0))

= -2
18. r = 3(0.5) or 1.5 0=4+250r6.5
1.5(cos 6.5 + i sin 6.5) = 1.46 + 0.32i

19.r=Tor4 6=-2—360r 5.6
4[cos (—5.6) + i sin (—5.6)] = 3.10 + 2.53i
20 4 7w 1w
20.r=zory 0=-"%—"735
_ m 22w
~— 6 6
_ _lbm ful
=" Oor —,
%(cos - +isin — ) (0+l( 1))
4.
21. r = 2(V2) or 2V2 09—*1T %
_ 3w  2m 5w
= 4 or—y
2\/§(COST+ISIH 4)—2\/_( ( g))
=—-2—-2i
ko ke
22. r = 2(6) or 12 0=-5+ (—g)
_ 2 m m
6 69
12(cos%+isin%):12 f—%z(%))
=6V3 + 6i
4
23.r= 1 or8 :5?“—%
2 _4m
-3
8(cos 43 + i sin 43) 8(—%+i(—§))
= —4-4V3i
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24.

=V(=-3)% + 32

"= NTTCD
—\/_0r3\/_

=V8or2V2
r=2V2(3V2) or 12

= Arctan (f%) + 2w = Arctan (%) +

_ _Im _ 37
T4 T4
o="" 4320
107
=74 O 735
12(cos § + i sin §) = 12(0 + i(1))
=121
25. 1 =V (V22 + (-V2)? r,=V(-3V2?2+ (-3V2)?
=V4dor?2 36 or 6
r=2-6or 12
V2 -3V2
0, AI'Ctan(ﬂ)‘f‘Z’lT 0, = Arctan(iS\@)
_ _ 5w
=1 =1
o="r+ 20
127
:TOI'T
12(cos w + i sin w) = 12(—1 + i(0))
=-12
26. 7, = V(V3)?2+ (12 ry,=V22+(-2V3)?
=V4or?2 =V16or 4
7:%01'%
_ -1 _ -2V3
6, = Arctan (%)4-217 027Arctan( )+2’1T
_ um _bm
6 =3
1m 5
0="¢ —75
_ Um 10w o
=76 T 6 Ty
1 .. 1/V3 1
5(0056 +lsmg)=§(T+l(§>>
=T3+ii
27.r, = V(-4V2)2 + (4V2)2 1, = V62 + 62
=V64or8 = V72 or 6V2
p=_8
6V2
__4 V2
3vV2 V2
V2 2Ve
T g
V2 _ 5]
0, = ?rctan (74\/§> +m 0y = Arctan (6)
= =7
3m ™
6="4 4
2 m
=4 ory
2205 T + i sin Z) = 2220 + i(1))
- 2,



29.

30.

13
3 — 9
ry=13 ro = V32 + (-2)2
=V13
— 13
r—\/ﬁor 13 ;
6,=0 0, = Arctan (—g)

~ —0.59
0 =0 - (—0.59) or 0.59
I ="V13(cos 0.59 + j sin 0.59) = 3 + 2j amps

z=%
100
Y
r; = 100 ro = V42 + (=3)?
=V25orb
r=%or20
6,=0 05 = Arctan (%3)

=~ —0.64

9 =0 — (—0.64) or 0.64
= 20(cos 0.64 + j sin 0.64)
= 16 + 12j ohms

Start at z; in the complex

plane. Since the modulus

. 21 .
of zy is 1, 2,29 and  will
2

both have the same

modulus as z;. Then z,z,

and 2—1 can be located by

.2 K

rotating z; by &

counterclockwise and

clockwise, respectively.

31a. The point is rotated counterclockwise about the

origin by an angle of 6.

31b. The point is rotated 60° counterclockwise about

32.

33.

the origin.

Since a = 1, the equation will be the form 22 + bz
+ ¢ = 0. The coefficient ¢ is the product of the
solutions, which is 6(cos %T + isin %), or

—3V3 — 3i in rectangular form. The coefficient b
is the opposite of the sum of the solutions, so
convert the solutions to rectangular form to do the
addition.

b [3gcos§/§+ isin %) + 2<cos 5% + isin 5%)}
(3 , 3Vv3. _\/— .

2 2
The\];gfore, the equation is 2% + [(—% + \/§) +
(222l + (-3v3 -3 =0.
r="V52%+ (—12)2 6 = Arctan (7?12) + 27

=V169or 13 =~ 5.11
5 — 12i = 13(cos 5.11 + i sin 5.11)

297

r= 5sec(0 - 06

rcos(t?—%ﬂ)=5
r(cosﬁcos%ﬁ+sinesin%)75=0

34.

—?rcos0+%rsin0—5=0

—%x#—%y—S:O

-V3x+y—-10=0

35.

x1b 23 1b

A

xlb

Prop

Since the triangle is isosceles, the base angles are

0 — 50

18
congruent. Each measures — 5 or 65°.
23 x
sin 50° ~ sin 65°
23 sin 65° = x sin 50°
23 sin 65°
sinsoc X

27.21 = x; 27.21 1b

cos 2x +sinx =1
1-2sin?x+sinx=1
2sin2x —sinx =0
sinx(2sinx—1)=0
sinx=0or 2sinx—1=0

36.

x=0° sinx=%
x = 30°
37. y = cos X
X = cosy
arccos x =y
38. BC=ED=BE=AF=CD =3
AB=FE =2
AC = AB + BC
=2+ 3o0rb
FD = FE + ED
=2+ 3o0rb

perimeter of rectangle ACDF =3 +5+ 3+ 5
or 16

perimeter of square BCDE = 4(3) or 12

16 —12=14

The correct choice is C.

Powers and Roots of Complex

38 Numbers

Page 602 Graphing Calculator Exploration

1. Rewrite 1 in polar form as 1(cos 0 + i sin 0).

Follow the keystrokes to find the roots at 1,
—0.5 + 0.87i, and —0.5 — 0.87i.

. Rewrite i in polar form as 1(cos % + i sin %)

Follow the keystrokes to find the roots at
0.92 + 0.38i, —0.38 + 0.92i, —0.92 — 0.38i, and
0.38 — 0.92i.

;)
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Pages 604-605
1.

. Rewrite 1 + i in polar form as \/§<cos % +

i sin %)

Follow the keystrokes to find the roots at 1.06 +
0.17i,0.17 + 1.06i, —0.95 + 0.49i, —0.76 —
—0.76i, and 0.49 — 0.95i.

. equilateral triangle
. regular pentagon
.Ifa>0and b = 0, then a + bi = a. The principal

roots of a positive real number is a positive real
number which would lie on the real axis in a
complex plane.

Check for Understanding
Same results, —4 — 4i; answers may vary.
QA+dA+dA+DA+DHA+10)

=1+ 2+ %1+ 2i + DA + i)

= (2021 + i)

= —4(1 + i)

= —4— 4

1+ 9>

~r=V20= %

V2 (cos 5)(T) + isin G)())

= 4\[<Cos + i sin 54 )

=4V2 (—A + l(—%))

—4 — 41

. Finding a reciprocal is the same as raising a

number to the —1 power, so take the reciprocal of
the modulus and multiply the amplitude by —1.

i

—a+ ai a+ ai
° at )

a—ai

. Shembala is correct. The polar form of a + ai is

a\/_<cos 4 T isin ) By De Moivre’s Theorem,
the polar form of (a + ai)?is 2a (cos 5 T isin 5).

. m . . . .
Since cos 5 = 0, this is a pure imaginary number.

=V(V32+ (-1)20r2 6= Arctan (%) or —

;S(cos @) () +isin@(-))
- fes () ()]

==80+1i(-1)

—8i

r=V32+ (=5)20r V34 6= Arctan (?)
~ —1.030376827

V344 (cos (4)(0) + i sin (4)())
—644 + 960i

Chapter 9
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7.r

10.

=\/mor1 g
1% (cos (%)( >+ i sm( ) g))
= 1(cos%+ ls1n§

~ 0.97 + 0.261

=V(=22+(-1D2or V5 0

Arctan <%> -
—2.677945045

U

V5 (cos (%)(9) +isin (3)(9))

= 0.82 — 1.02i
t+i=0-at=—i
Find the fourth roots of —i.
-2 12 — _ 3
r= 1 04+ (=1)* = = 1
(i)' = [1 (cos (37‘” + 2n~rr) + i sin (37‘" + 2n~rr))]Z
_ 3w + 4dnw . . 3m+dnm
= CcOoSs 3 + 1 sin A
X, = cos %ﬂ + isin %ﬂ ~ 0.38 + 0.92i
Xg = COS % +1 sin%Tr ~ —0.92 + 0.38¢
%3 = cos 5" + isin Tgr ~ —0.38 — 0.92i
x, = cos 12" 1%~ 0.92 — 0.38i
14 |0.38/+[0.92i
! C
—0.92 + 0.38i
=1 (0] 1R
o
0.92/ —10.38i
D38 - 002
T

203 +4+2i=0-x=-2—1i

Find the third roots of —2 — i.
=V(=22+(-12=V5 0= Arctan( )+1T
~ 3. 605240263

(-2 - l)2 = [\/_(cos ® + 2im) + isin (0 + 2mr))]

0 + 2nw . . 0+2
= (W) (cos + i sin 7%)

3
xlz(\/g)‘*’(cosg-i-lsm )—0474—1221

Xy = (VB) (cos"”“ i in0+32ﬁ)~—1.29—0.20i

1
= (VB)? (cos sin? +34“> ~0.81 — 1.02i
0.47 4+ 1.22i
) °

T
o —1 O R

—1.29 — 0/20/
f n’m 211,02




11. For w,, the modulus = (V 0.82 + (—-0.7%)2 or 1.13.
For w,, the modulus 1.132 or 1.28.
For w,, the modulus 1.282 or 1.64.
This moduli will approach infinity as the number
of iterations increases. Thus, it is an escape set.

Pages 605-606 Exercises
12. 33 (cos (3)(%) + i sin (3)(%))
=27 (cos% + isin%

= 27(0 + i(1))

= 27i

25 (cos (5)(T) + i sin (5)(F))
= 32 (cos 2 + i sin )
~o (1))

-16V2 — 16V2i

r=m=2ﬁ 6 = Arctan (%)=
@V2)(cos @) + i sin 3)(5))
=16V2 (cos % + i sin 2%)
~1ova (2 4 (L))
=16 + 161

PV (VAR =2

24 (cos (4)(%) + i sin (4)(%))
=16 (cos %ﬂ + i sin %T)
=16(—5 +i (—%))

-8 - 8V3i
F=VE 1 (6= 3V5

13.

T
14. e

15. 0 = Arctan (ﬁ) =

m
1 3

0 = Arctan (%6)
~ —1.107148718

(3V5)% (cos (4)(8) + i sin (4)(6))
—567 + 1944i

r=V22+32=V13

16.

17. 6 = Arctan (%)

~ 0.9827937232
(V'13)~2 (cos (—=2)(0) + i sin (—2)(9))
~0.03 — 0.07i

r=V22Z+42=29V5

0 = Arctan (%)
= 1.107148718

(2V'5)4 (cos (4)(6) + i sin (4)(0))
—112 — 384i

327 (cos (L)(%) + i sin (%)(%“))
= 2(cos % + i sin %)
~ 1.83 + 0.81i
NI o1
1i (cos (i)(’n’) + i sin <%)(w))
= cos % + i sin %

~0.71 + 0.71i

18.

19.

20. 0=m

299

21.

22.

23.

24.

25.

26.

r:\/(—Z)le\/g 0:Arctan(%2> + @
~ 2.677945045

V5)" (cos (L)@ + i sin (3)®)
=0.96 + 0.761
r= \/m:\/ﬁ 6 = Arctan (%)

~ —(0.2449786631
VI (cos (2)@) + i sin (1) ®))
=1.60 — 0.13¢

r=V22+ 922 =2V2 0:Arctan(§>:%

@V (cos (5)(3) + i sin (5)(3)
= 1.37 + 0.37i

r=V(E=12%+ (-1 =\V2 0=Arctan(_—1)—ﬂ

-1
3w

1
V)" (eos (3)( ) + isin (3)(- 7))
=0.91 - 0.61i
P VT T 1 0
1 (cos (3)(5) + isin (3)(5))
=0.71 + 0.71i
W-1=0-a%=
Find the third roots of 1.
r=V1Z+02=1 6=0

1% = [1 (cos (0 + 2nm) + i sin (0 + 2nm)]*

'S

o
2

nw . . 2nw
=cosT+zs1nT

x;=cos0+isin0=1

o . . 2m 1 Vs,
xZ—cos3+lsm3—72+2l
B PPN L S S L P
X3 =cos 5 tisin—g =—5 PR
}
[ ]
T} M
[4 4
— (0] R
T
2 T rot!
® 14
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27.x° +1 - x°=—1
Find the fifth roots of —1.
=V(E=D2+02=1
(*1)% = [1 (cos (w + 2nm) + i sin (m + an))]%

™+ 2nw . . m+2nw
= CoS 5 +lSln75

0=m

x, =cos 3 +ising = 0.81 + 0.59i

3 . .3 .
Xy =cos 5 +isin 5 = —0.31 + 0.95

5 P
Xg=C08 5 +isin5 =—1

7 .7 .
X, = Cos ?ﬂ +1i sm?Tr = —0.31 — 0.95i

X5 = COS 9% + isin%qT =0.81 — 0.59i

)
1

=031+ 01957 | 10.81 & 0.59/

_ (@) 1R

031 5;-{—0.81 = 0.59

. ‘..1
28.2x4 - 128 =0 - 24 =64

Find the fourth roots of 64.
=V642 + 02 = 64 0=0

A

P2V2i

2

4

T

i~ Ve

=2V2 2V2
—3 -2 -1 o “3R

1

2

,912V2i

[

= [64 (cos (0 + 2nm) + i sin (0 + Znﬂ))]%
=2V2 (cos %T + i sin %)
:2\/_(0030 +isin0) = 2V2
—2\/_<cos 5 +isin )— 2V'2i
3:2\/_(cosw+ isinm) = — 2V2
Xy = 2V2 (cos 37“ + i sin 3%) = -2V2i
29. 3x*+48=0 - x*=-16
Find the fourth roots of —16.
V( 16)2 + 02 = 16 0=m

(- 16)4 = [16 (cos (mw + 2nm) + i sin (w + 2n1‘r))]

T+ 2nw . . + 2nw
=2 (cos 1 +isin™ 1 >

=2(cos4+zsm ) V2 + V2i
:2(0 3_+lSIIl4> -V2 +V2i
=2(005—+lsm4)= -V2 - V2i
o= 2

cos 4 + i sin 4) V2 - V2i

Chapter 9
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30.

31.

V2 4+\2 V2 |+ V2 i
[ ] L)
1
_ O R
-1
[] ._
=VZ[=[V2 VZ[=[VZi

¥-Q+id)=0-xt=1+1i
Find the fourth roots of 1 + i.

r=Vi12+12=V2 0:Arctan(%>:§
1+ i)% = [\/§<cos <% + Znﬂ) + isin (% + 2nm )}

1
= (V2)' <cos - +1§mT +isin ™ +1§m>
11 Lol
—0.21 +1.07j
1.07+0.24
°
1 (@) R
—1.07 - 0.21j
.
[ol21 =107/
St

= (\/5)3' (cos 75 + i sin 1) = 1.07 + 0.21

= (\/5) <C % + i sin ?6)

= (\/_)i <cos 16 T isin %) = —1.07 — 0.21i
%= (V) (cos 22 4 isin 27) = 021 - 1.07i
26t +2+2V8i=0 - xt=-1-V3i
Find the fourth roots of —1 — V/3i.
0 =Arctan(%\{g) = % + 'rrorz%qT
(-1- \/_i)i

[ Cos =+ Zn'rr) + isin (%ﬂ + ZnTr))F

=27 <cos %)

X, = 2" (cos 1o T isin 1—;) =0.59 + 1.03i

-0.21 + 1.07i

+ isin

1
xp = 27 (cos 22 + i sin22") = ~1.03 + 0.59i
1
xy = 2" (cos 25 + i sin 227) = ~0.59 — 1.03i
1
x, = 2" (cos 2 + i sin &) = 1.03 — 0.59i
i
| [0.59]+1.03i
—1.034-0.59f
by ) TR
1.03 —0.80/
Y
~0.59 - 1.037




32.

33.

34.

35.

36a

36b.

37.

Rewrite 10 — 9i in polar form as

V181 [cos (tan_1 (I—SD + i sin (tan_1 (I—g)ﬂ
Use a graphing calculator to find the fifth roots at
0.75 + 1.51i, —1.20 + 1.18i, —1.49 — 0.78i,

0.28 — 1.66i, and 1.66 — 0.25i.

Rewrite 2 + 4i in polar form as

2V5[cos (tan~! (2)) + i sin (tan~! (2))].

Use a graphing calculator to find the sixth roots at

1.26 + 0.24i, 0.43 + 1.21i, —0.83 + 0.971i,

—1.26 — 0.24i, —0.43 — 1.21i, and 0.83 — 0.97i.
Rewrite 36 + 20i in polar form as

4\V106 [cos (tan_1 (%)) + i sin (tan_1 (%))}
Use a graphing calculator to find the eighth roots
at 1.59 + 0.10i, 1.05 + 1.19i, —0.10 + 1.59i,
-1.19 + 1.05i, —1.59 — 0.10Z, —1.05 — 1.19i,
0.10 — 1.59i, and 1.19 — 1.05i.

3

For w,, the modulus = < (%)2 + (Z)2>2 or 0.81.

For w,, the modulus = (0.81)2 or 0.66.

For ws, the modulus = (0.66)2 or 0.44.

This moduli will approach 0 as the number of
iterations increase. Thus, it is a prisoner set.

. In polar form the 31st roots of 1 are given by
2 . .2
cos%+ zsm%,n =0,1,...,30. Then
nw . .
a = cos —3; . The maximum value of a cosine

expression is 1, and it is achieved in this
situation when n = 0.

From the polar form in the solution to part a, we

get b = sin 2= b will be maximized when 2" is

as close to g as possible. This occurs when n = 8,
. . . 16w

so the maximum value of b is sin <7, or about

0.9987.

W—1=0-28=

Find the sixth roots of 1.

r=V1iz+02=1 6=0

; [1 (cos (0 + 2nm) + isin (0 + an))]%

15 =
nw .« . n_’n'
—COSS+ESH’13
x;=cos0+isin0=1
_ Ty 1_l+ﬁ-
X =COs 5 +ising =75 21\/_
2w . o 2m 1 V3.
x3—cos3+lsm3—72+2l
3 O
Xy, =cos 5 +isiny =—1
S ISP S B E P
X5 = €OS 5 isin 5 = —5 PR
—eos P 4 s ain 2T o L V3,
Xg = €OS 5 isin 5 =75 o 1
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38a.

38b.

39.

40.

41.

42.
43.

44.

The point at (2, 2) becomes the point at (0, 2).
From the origin, the point at (2, 2) had a length
of 2V/2 and the new point at (0, 2) has a length

of 2. The dilation factor is ﬁ.

2
24V | (2,2)
0,2)7/1\2Vv2
4 /
! ’
4 X
—2N-1"o 2
1
)
Va2

5 (cos 45° + i sin 45°)

= % (% + i sin (%))
=0.5+ 0.51

2
[g(cos 45° + i sin 45°)] = %(cos 90° + i sin 90°)
The square is rotated 90° counterclockwise and
dilated by a factor of 0.5.

The roots are the vertices of a regular polygon.
Since one of the roots must be a positive real
number, a vertex of the polygon lies on the
positive real axis and the polygon is symmetric
about the real axis. This means that the non-real
complex roots occur in conjugate pairs. Since the
imaginary part of the sum of two complex
conjugates is 0, the imaginary part of the sum of
all the roots must be 0.

r=23)or6 0:%4-%“
Tr 10m 11w
V5 =% 1T 76 0T g
6(cosn7w+ isinl%) = 6(73-1- l(—é))
=3V3 - 3i

(2 —5i) + (=3 + 6i) — (—6 + 2iQ)
=2+ (—=3) — (—6)) + (=bi + 61 — 2i)
=5-1

x=ty=-2t+7

cos 22.5° = cos (4750)

4 |1+ cos4b5°
- 2

1+ V2
= + 2
- 2
_ L [2+VE
T 4
_ 4 Y2+Ve
- = 2
Find B.
B =180° — 90° — 81°15'
= 8°45’
Find a.
o [
tan 81°15" = 28
28 tan 81°15' = a
181.9 = a
Chapter 9



Find c.
cos 81°15" = ZL—,8

o= 28
cos 81°15'
c=184.1

45. Let x = the number of large bears produced.
Let y = the number of small bears produced.

x = 300

y = 400 1000 4|
x +y=1200 1000 PO
fx, y) = 9x + 5y con (800, 400)
£(300, 400) = 9(300) + 5(400) 404 4

= 4700 2001 s X
f(800, 900) = 9390+ 5(900) Gpoof Tedo 110
£(800, 400) = 9(800) + 5(400)

= 9200

Producing 800 large bears and 400 small bears
yields the maximum profit.

0.20(6) = 1.2 quarts of alcohol

0.60(4) = 2.4 quarts of alcohol

12+24 _ 36 o
“e+4 ~ 100 36% alcohol

The correct choice is A.

46.

Chapter 9 Study Guide and Assessment

Pages 607 Check for Understanding
1. absolute value 2. Polar
3. prisoner 4. iteration
5. pure imaginary 6. cardioid
7. rectangular 8. spiral of Archimedes
9. Argand 10. modulus

Pages 608-610
11.

Skills and Concepts

12. 90°

90°

120° 60° 120° 60°
150° " 30° 150° 30°
0° o 0°
180° 5 180 2 34
(]
210° ‘Q 330° 210° 330°
240° °
240° P 300° 07T oe 300
13. T 14.
27 2 s
3 3
Sm s
6 6
0
& 2 3 4
i 1lm
6 6
4w S
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302

15. Sample answer: (4, 585°), (4, 945°), (—4, 45°),
(—4, 405°)
(r, 6 + 360k°)
- (4, 225° + 360(1)°) - (4, 585°)
- (4, 225° + 360(2)°) — (4, 945°)
(=1, 0 + (2k + 1)180°)
o (—4, 225° + (—=1)180°) - (—4, 45°)
- (—4, 225° + (1)180°) - (—4, 405°)

90°

T
60° 2m 2

120°

limagon rose

24. x = 6 cos 45° y = 6 sin 45°
e o)
=3V2 =3V2

(3V2, 3V?2)

25. x = 2 cos 330° y = 2 sin 330°
=27 -2(-3)
=V3 =-1

(V3,-1)



26. y =
V2 V2
- 2 - 2(})
=V2 =-V2
(V2, -V2)
27. x = 1 cos (%) y=1sin (%)
=0 =1
0, 1)
28. 7=V (-V3)2 + (=32 6= Arctan (:7\%) +
= \/ 2 or 2V3 = %T
29,7 - VETT R 6 = Arctan (2)
= V50 or 5V2 = %
30. r= \/( 3)2 + 12 0 = Arctan <%3> +
10 = 3.16 ~ 2.82
(3.16, 2.82)
31. r = V42 + 22 6 = Arctan <%)
=V20 = 4.47 =~ 0.46
(4.47, 0.46)
32. +VA2 + B2=+V22 + 12
=+V5
Since C is positive use — V5.
2 _ 3 _
~VET v =0
_ 2\f V5 . 3V5
cos ¢ = ,sin ¢ = D=5
¢ = Arctan <§>
=~ 27°

33.

Since cos ¢ < 0 and sin ¢ < 0, the normal lies in

the third quadrant.

¢ = 180° + 27° or 207°

p=rcos (0 — ¢)

37\5/5=rcos(0—207°)
+ VA2 + B2 =+ V32 + 12
=*+VI10

Since C is positive, use —V 10.
ix_L _LZO
Vior T vieY T Vio

__3Vio . _ V10 _ 2V10
cos ¢ = — m ,s1n¢>—fT,p—7
— 1
¢—Arctan<3>
=~ 18°

Since cos ¢ < 0 and sin ¢ < 0, the normal lies in

the third quadrant.

¢ = 180° + 18° or 198°

p=rcos (0 — o)
2V10
5

= rcos (f — 198°)
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34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

3=rcos<975)

0=rcos€cos%+rsin05in%—3

OZ%VCOSO-F%Y'Sina—?)
1., V3
0—2x+ 5 Y 3
0=x+\/§y760r
x+\/§y—6=0
4:rc0s<0+%>
0=rcos@cos%—rsin0sin%—4
0=0—-—rsinf —4
0=-y—4
O=y+4or
y+4=0
i10+i25:(i4)2'i2+(i4)6'i
=02 -+ @8-
=—-1+1
2+30)—(4—4i) =2+ (—4) + 3i — (—4i)
=—-2+1T
Q+T7)+(=3—-10) =2+ (=3) +(7i + (—1i))
= -1+ 61
i34 — 3i) = 4i3 — 3i*
=4(=i) — 3(1)
= -3 —4i
@—TN(—i+T7=—i2+ 14i — 49
1+ 14i — 49
= —48 + 14i
4+2 5+2
5-2 5-2 bH+2i
20 + 18i + 4i2
25 — 4i?
16 + 18i
29

4+2i _

5+i _ 5+l _1+\/§i
-V2i  1-V2 1+V2i
5+ 5V2i + i + V2i2

= 1 - 2i2
G- V2 + (BV2+ i

= 3
5-V2 , 1+5V2,
=T T3 ¢

r=WV2a2Z+ 22 0 = Arctan <%)
=V8or2V2 =

2V92 (cos % + i sin %)

r=V1%+ (-3)?

=V10
V10 (cos 5.03 + i sin 5.03)

o
4

0= Arctan< > + 2w
~ 5.03

45.r = V(=12 + (V3)2 0 = Arctan <7£f> +
=V4or?2 = 2%
2<cos 2?17 + i sin 2?17)
46.r=V( 62+ (42  0=Arctan(=5)+ 7

47. r =

=Vb2or2V13
2V'13 (cos 3.73 + i sin 3.73)

(—4)2 + (-1)? 6 = Arctan (:—D +

=V17 ~3.39
V17 (cos 3.39 + i sin 3.39)

~ 3.73

Chapter 9



48. r = V42 + 02 6=0
:\/1_60r4
4(cos 0 + i sin 0)
49. r = V(-2V2)2 + 02 0=m

=V8or2V2
2V/2(cos m + i sin )

50. 7 = V02 + 32 0="4
=V9ors3

T I
B(Cos g T ising

2(cos % + i sin %)
=2(¢+i(3))
=V3+i

53. r =4(3)or 12
12<cos %T + isin %T)

(-4 ()

= -6+ 6V3i
ku ku
54. r = 8(4) or 32 0=7+75
32(cos%ﬂ+isin%ﬂ) =%+%Tﬂor%ﬂ
Ve, . (V2
=322 +i (%))
= -16V2 + 16V2i
55. r = 2(5) or 10 0=2+0.50r2.5
10 (cos 2.5 + i sin 2.5)
~ —8.01 + 5.98i
56. r = > or 4 =%
™ . . 1'r T 10w m
4[cos (—5) + i sin (—5)] = — g OF —y
=4(0 + i(—1))
= —4i
6 3 ™ ™
57.r=4ory 0=5—-%
%(cos%Jrisin%) :3%7%“%
_3(1_ .(V38
=3 (2 t (T))
58. 1 =22 0r 0.5 6=15—0.60r0.9
0.5 (cos 0.9 + i sin 0.9)

~0.31 + 0.39
59.r=\V2Z+22=2V2  9=Arctan (%) =T

V)% (cos ®)(F) + i sin ®(T))
— 4096 (cos 27 + i sin 2)
— 4096

Chapter 9
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60. r= (VV3)2 + (-1)2=2

6 = Arctan _7; =—%
27 (cos (7)<—%) + i sin (7)(—%))

=128 (cos 77% + i sin 77?17>
— 198 (-2 +4(2))

= —64V/3 + 64i
6l.7r=V(-1)2+12=V2 0=Arctan<%1)+'rr
_ 37
=7
T

(V2)* (cos (@)(2F) + i sin (@)(%))

= 4(cos 3w + i sin 3m)

-4
62. 1= V(22 + (-2%2=2V2 6=Arctan (~2) + =
5m
=

@V2)? (cos @) + i sin 3)( )

=16V2 (cos P{’Tw +1i sinl‘%qT

C16vE (2 i (<))

=16 — 16i
63.r=V02+12=1

1i<cos <i)(%> + i sin <i)(

= cos % + isin %

=~ 0.92 + 0.38i
64. 7=V (V32 +12=2 0:Arctan<%):%
2/(eos (5)(5) + i:sin (5)(5))
2§<c0s <%) + isin <§>)
1.24 + 0.22i

3

U

Page 611 Applications and Problem Solving

65. lemniscate

66. r = V752 + 1252 0 = Arctan <%)
= V21,250 = 145.77 =~ 59.04°
(145.77, 59.04°)
67. reos(0-5)+5=0

rcos@cos%+rsin0sin%+520

rsinf +5=0
y+5=0
y=-5
E
68. 1=

50 + 180j
T 4+55
_ B50+180j 4-5j
4+5] 4-5§
200 + 4705 — 900j2
16 — 2552
1100 + 47052
41

26.83 + 11.46j amps

U



Page 611

la

1b.

2a.

2b.

Open-Ended Assessment

. Sample answer: 4 — 6i and 3 + 2i

(4 — 6i) + (3 + 2i) = (4 + 3) + (—6i + 2i)
=T7—-4i

No. Sample explanation: 2 — 3i and 5 — i also

have this sum.
2-3)+GB-10)=@@+5)+ (—3i+ (-0

=7—4i
Sample answer: 4 + i
E0=V4+12
=V17

No. Sample explanation: 1 + 4i also has this
absolute value.
E0=V12+ 42

=V17

Chapter 9 SAT & ACT Preparation

Page 613

1.

SAT and ACT Practice

Oa and 0b form a linear pair, so (b is
supplementary to Oa. Since [0b and [0d are
vertical angles, they are equal in measure. So Od
is also supplementary to Oa. Since Od and Of are
alternate interior angles, they are equal. So Of is
supplementary to Oa. And since f and (& are
vertical angles, (A is supplementary to Ca. The
angles supplementary to Oa are angles b, d, f, and
h. The correct choice is A.

. Draw the given triangle and draw the height h

from point B.

m
10

A (0

The answer choices include sin x. Write an
expression for the height, using the sine of x.

sinx == A=bh
8sinx = h = % (10)(8 sin x)
=40 sin x

The correct choice is B.

. Since PQRS is a parallelogram, sides P and SR

are parallel and mOQ = mOS = b.

In ASMO, ¢+ b+ a=1800ora = 180 — (c + b).
Also, x + a = 180 or ¢ = 180 — x since consecutive
interior angles are supplementary.

305

10.

180 — (¢ + b) = 180 — x
x=c+b
The correct choice is E.

. Volume = ¢wh

16,500 = 75 - w - 10 _

16,500 = 750w h=10ft

22 = w
=751t
The correct choice is A.
1 1 1 10
*+ 100100 ~ 10% T 100100 ~ 10100
-9
= 3510

The correct choice is A.

. Consider the three unmarked angles at the

intersection point. One of these angles, say the top
one, is the supplement of the other two unmarked
angles, because of vertical angles. So the sum of
the measures of the unmarked angles is 180°.

The sum of the measures of the marked angles
and the three unmarked angles is 3(180), since
these angles are the interior angles of three
triangles.
m(sum of marked angles) +

m(sum of unmarked angles) = 3(180)
m(sum of marked angles) + 180 = 3(180)

m(sum of marked angles) = 360

The correct choice is C.

. Subtract the second equation from the first.
5x2 + 6x =170
—5x? + 6y = 10
6x + 6y = 60

x +y =10, s0 10x + 10y = 100.
The correct choice is E.

. Since OB is a right angle, 0C is a right angle also,

because they are alternate interior angles.
In the triangle containing O0C, 90 + x + y = 180 or
x +y=90.
The straight angle at D is made up of 3 angles.
120 + x + x = 180

2x = 60 or x = 30

x+y=90
(30) +y =90
y =60

The correct choice is B.

. In the slope-intercept form of a line, y = mx + b,

m represents the slope of the line, and b
represents the y-intercept. Since the slope is

given as %, the slope-intercept form of the line is
y = gx + b.

Since (-3, 0) is on the line, it satisfies the
equation. 0 = %(—3) +b.S0b = g.

The correct choice is D.

Note that consecutive interior angles are
supplementary.

110 + 2x = 180 y +x =180

2% = 70 y + (35) = 180

x =35 y = 145

The answer is 145.
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