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Chapter 6 11. y=e* +secx+C
Differential Equations and 5= 4sec(0)+C
Mathematical Modeling c=3

12. y=tan 'x+In@x-1)+C
Section 6.1 Slope Fields and Euler's Method 7=tan () +In@1)=1)+C
(pp. 321-330) c 31

Exploration 1 Seeing the Slopes 4

1. Since % = ( represents a line with a slope of 0, we should Section 6.1 Exercises
x

4 2
expect to see intervals with no change in y. We see this at L jdy = J(Sx —sec” x)dx
odd multiples of 7 /2.

. . . y= x> —tanx+C
2. Since y is the dependent variable, [

[

t will have no effect on the value of % = COSX. : jdy = I(secx tanx—e")dx
x

dy . y=secx—e +C
3. The graph of I will look the same at all values of y.
X

w

. jdyz I(sinx—e_x +8x%)dx

4. When xzo,ﬂzcosle.This can be seen on the graph x 4
dx y=—cosx+e  +2x" +C

near the origin. At that point, the change in y and change in
1 1 1
. Idy = J(—z)dx =lnx+—+C
X X X

x are the same.
X 1 X -1
. jdyzjl 5" In5+— dx=5"+tan” x+C
x“+1

IS

5. When x =, ? =cosx =—1. This can be seen in the
x

graph at x = 7. At this point, the change in y is negative of

wn

the change in x.
6. This is true because each point on the graph has a negative
of itself.

1
Ndy=[| —-
Quick Review 6.1 I J’[\ll—xz

1. Yes. ie‘ =e"
dx

=)

1
]dx =sin'x—2Jx +C
X

3

. [dy=[ Gt cos(t®pdr =sin(*)+C

* ]

— sint
2. Yes.ie‘” =4e** . jdy— fcoste dt
dx =esim+c

d 2 x X 2 x
3. No. = (x%")=2xe" +
0. (x’")=2xe" +x% 9. [dy= [(sec’(*)(5x*)dx

4. Yes. L et = 2xe” = tanx”+C

10. jdy = J4(sinu)3 cosudu

d x* _ X
5. No.a(e +5)=2xe = (sinu)* +C

6.Yes.i oy = 1 2)= 1 11. jdyzf?.sinx dx=-3cosx+C
dx 242x
2=-3 cos(0)+C, C=5

7 d =
. Yes.d—secx—secxtanx y=-3 cosx+5

X
8. No. & 1oy 12. IdyszeX—cosx dx=2e¢" —sinx+C
dx 0 .
3=2¢" —sin(0)+C, C=1

9. y=3x+4x+C y=2e" —sinx+1

2=3(1)* +4()+C

C=-5 13.Iduzj(7x6—3x2+5)dx=x7—x3+5x+C
10. y=2 s.mx—3 cosx+C 1=1—1P+54C, C=—4

4 =2 sin(0)—3 cos(0)+C 7

— _ 43 _
C=_7 u=x'—x+5x-4



=)
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. IdAzI(10x9+5x4—2x+4) dx=x"+x*—x*+4x+C 25. Graph (b).

0 a (sin0)*=0
6=1 10+1 4—1 24(1)+C, c=1 in1)*>>0
A=x"+x"—x"+4x+1 (sin(—l))2 >0

. Idy=j(—12—i+12) de=x"+x3+12x+c¢ 26. Graph (c).
xtox (sin0)*=0
3=1"+17+12()+C, C=-11 (sin1)*>0
y=x1+x2+12x-11 (x>0) (sin(~1)’ <0

. jdyzf(Sseczx—z\/;J dx=5tanx— x> +¢ i ((}erfg)gaio
(cosl)2 >0

7=5tan(0)—(0)*+C, C=7

3/2 (cos(—1)2> 0

y=Stanx—x""+7
28. Graph (d).
.jdy=f( 12+2'ln2)dt=tan_1t+2’+C (cos0)’ >0
1+1¢ (cos1)® >0
3=tan '(0)+2°+C, C=2 (cos(—2))° <0

y=tan ' t+2' +C
1 1 1
.jdx:j 7——2+6 dt=Int+t +6t+C
t ot

O=In()+1""+6()+C, C=-7
x=Int+t'+61-7 (t>0)

) Jdv:j(4sect tant+e’+6t) dt=4sect+e' +3t2+C
5=4 sec(0)+e’ +3(0)>°+C, C=0

T T
V=4 sect+e +3t° —2<t<)

. st:ft(Bt—Z) di=r-1>+C

0=1*-*+c, C=0
s=1£—1

dy_d
Tdx  dx

y:j}xsin(tz) dt+5

d d x x
. CT;!:EL f(z)dz:jo J2+cost dt
uzf:\/2+cost dt—3

jx F(t)dt = jlx sin(t2) dt

d x x cost
. Fl(x):afu (1) dtzLe dt

F(x)= j2 e dr+9

. G(s)= %ij(t)dtzj': tant dt

G(s)=j53 tant dr+4




266 Section 6.1
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Ax Ay:ﬂ (x+ Ax, y + Ay)
dx
0.1 0 (1.1,2)
(1.1,2) 0.1 0.1 0.01 (1.2,2.01)
(1.2,2.01) 0.2 0.1 0.02 (1.3, 2.03)
y=2.03

42.

43.

44.

45.

46.

47.

48.

dy _ _d
x,y) dx_y71 Ax Ay—dxAx (x+Ax, y + Ay)
1,3) 20 | 01 0.2 (1.1,3.2)
(1,32 22 0.1 0.22 (12,3.42)
(2, 242 | 01 0.242 (13,3.662)
3.42)
y=3.662
d d
() | G =2y | Ax | Ay= 8 Av |+ Axy+Ay)
1,2) 10 |o1 0.1 (1.1,2.1)
(1.1,2.1) 10 |o1 0.1 (12,2.2)
(12,2.2) 10 |o1 0.1 (13,2.3)
y=2.3
d d
() | =2y | Ax | A= ST AY | (ekAx y+AY)
1,0 2.0 0.1 0.2 (1.1,0.2)
(1.1,0.2) 2.0 0.1 0.2 (12,0.4)
(12,0.4) 20 0.1 0.2 (13,0.6)
y=0.6
d d
) | G=2-x| A | Av=STAx | Ay AY)
2,1 0.0 -0.1 0.0 (19, 1)
(1.9, 1) 0.1 0.1 -0.01 (1.8,0.99)
(1.8, 0.99) 0.2 -0.1 -0.02 (1.7,0.97)
d d
@y | =1y A | A= Ac | (r+Ax y+ Ay)
2,0 10 01 | -o01 (1.9,-0.1)
1.9,-0.) | 09 0.1 | -0.09 (1.8,-0.19)
(18,-0.19)| 081 | —0.1 | -0081 | (1.7,-0271)
y=-0271
dy _ 4
x,y) A= XY Ax Ay—dxAx (x+Ax, y + Ay)
2,2 00 | -01 0 (19,2.0)
19,2 | -01 | -01 0.01 (1.8,2.01)
(18,201) | -021 | 0.1 0.021 (1.7,2.031)
y=2.031
d d
| Go=e-2y| Ax | Ay=TAx |rrAx, v+ AY
o) 0.0 0.1 0.0 (19, 1.0)
19,1 0.1 0.1 0.01 (1.8,1.01)
8,100 | 022 | -01 | 002 | (1.7,1.032)

y=1.032
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49. (a) Graph (b) 53. dy dy
. . (x,y) E=2x+l Ax Ay=EAx (x+Ax, y+Ay)
(b) The slope is always positive, so (a) and (c) can be ruled
out. (1,3) 3.0 0.1 0.3 (1.1,3.3)
y
(2) T (1.1,3.3) 3.2 0.1 0.32 (1.2,3.62)
2
—/\ (1.2,3.62) 34 0.1 0.34 (1.3,3.96)
| | X (1.3, 3.96) 3.6 0.1 0.36 (1.4,4.32)
1 o] 1 y=432
y Euler’s Method gives an estimate f(1.4) = 4.32.
(b) The solution to the initial value problem is
‘3‘ /— flx) = +x+ 1, from which we get f(1.4) =4.36. The
4.36-4.32
I I i -
-0 I x percentage error is thus 136 0.9%.
(c) y 54. d d
_\ (y) | gy =2x-1] Ar |Ay= 25 Ax| e+ Axy+AY)
P \ 2,3) 3.0 0.1 -0.3 (1.9,2.7)
L2 I
21 ol 1 * (1.9,2.7) 2.8 -0.1 -0.28 (1.8,2.42)
50. (a) Graph (b) (1.8,2.42) 2.6 -0.1 ~0.26 (1.7, 2.16)
(b) The solution should have positive slope when x is 1.7,2.16) 2.4 0.1 -0.24 (1.6, 1.92)
negative, zero slope when x is zero and negative slope y=192
when x is positive since slope = dy _ N Euler’s Method gives an estimate f(1.6) = 1.92. The
P Pe= e solution to the initial value problem is f(x) = x*—x+ 1,
Graphs (a) and (c) don’t show this slope pattern. from which we get f(1.6) = 1.96. The percentage error is
y 1.96-1.92
thus 1.96-192 =2%.
1.96
L, 1‘_\) 55. Atevery (x, y), (2 (= ™2) = —¢0 =1, 50 the
0 T’X slopes are negative reciprocals. The slope lines are
therefore perpendicular.
@ 56. Since the slopes must be negative reciprocals, g(x) = —cos x.
y

57. The perpendicular slope field would be produced by
&
dx

LD =—sin x, so y = cos x + C for any constant C.

0 58. The perpendicular slope field would be produced by

dx
59. True. They are all lines of the form y = 5x + C.

60. False. For example, f(x) = x*is a solution of ;i—y =2x,
X

lv

(b) b _ —x, 50 y = 0.5 x*+ C for any constant C.
y

Zx

LD

0
but f7I (x)= \/; is not a solution of & =2y.
(© dx
51. There are positive slopes in the second quadrent of the 61.C.m=42-42=0

slope field. The graph of y = x2 has negative slopes in the

dy
2
second quadrent. 62.E.y <0, x >0, therefore . <0.

52. The slope of y = sin x would be +1 at the origin, while the 63.B. y(0)= =1
slope field shows a slope of zero at every point on the d .
y-axis. d—y =2xe" =2xy.

x

64. A.
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dy 1
65.(a) —=x——
()dx x =z

jﬂdxzj(x—x_z) dx
dx2 ,

- 1
y=rax =1 4cC
2 2 x

Initial condition: y(1) =2

2=—+-+C
2 1
2:§+C
2
1_
2

2
1 1
Solution:y:—x +—+—,x>0
2 x

2
(b) Again, y=> +14C.
2 x
Initial condition: y(-1) =1
_EDP o

1 +—+C
2D
-1
I=—+C
2
3
Z=C
2

2
Solution: y:x—+—+7,x<0
2 x 2

2
(c)ForKo,dy:d[uuq)
dx

And forx=0, @ is undefined.
dx

(d) Let C, be the value from part (b), and let C, be the value

from part (a). Thus, C, =% and C, :%,

(e) y2)=-1 y(=2)=2
2 2
—1_1+2—+C2 = ! +(2) C,
2 2 (-2) 2
—1:§+C2 2=%+C1
7 1
—E:C2 E:C‘1
Thus, C,= l and C, = —z.
2 2

1
66. () (n x+C)= L for x>0
dx x

d 1 d 1 1
®) — [In (0)+C]=—(-0)= (_J(—l) =

forx<0

(¢c) For x>0, ln‘x‘ +C =Inx+C, which is a solution to the
differential equation, as we showed in part (a). For
x<0, ln‘x‘ +C =In(—x)+ C, which is a solution to the

differential equation, as we showed in part (b). Thus,

a4 In ‘x‘ = 1 for all x except 0.
dx X

(d) For x <0, we have y =1n (=x) + C;, which is a solution
to the diferential equation, as we showed in part (a). For
x>0, we have y=Inx+ C,, which is a solution to the

differential equation, as we showed part (b). Thus,

L = 1 for all x except O.
x X

67. (@) y' = [12x+4dx
Y =6x"+4x+C,
y= J6x2+4x+Cldx
y=2x3+2x2+C1x+C2

(b) y'= Jex +sinxdx

’_ X
Y =e" —cosx+C,
yzjex—cosx+Cldx

_ X :
y=e —sinx+Cx+C,

() y= jx3 +x 3 dx
4
’:L_L_'_C]
4 24?

4
X 1
y=J7—§+Cldx
5

X

YT %0

1
+2—+Clx+c2
X



68.(a) y = j24x2—10dx

Yy =8x>—10x+C
3=8(1)° -10()+C
Cc=5
y=J8x3—10x+5dx
y=2x*-5x*+5x+C
5=2(1)* =5()* +5(1)+C
c=3
y=2x4—5x2+5x+3

(b) y'= Jcosx—sinxdx

y =sinx+cosx+C
2=s5in0+cos0+C
Cc=1

y= Jsinx+cosx+1dx

y=—cosx+sinx+x+C
0=-cos0+sin0+0+C
Cc=1
y=—cosx+sinx+x+1

() y= J.ex —xdx

y’:ex—x—+C

y=e’”—%—x+C

3
1:e°—%—o+c

c=0

69.(a) y=x

(b) y'=-x

Section 6.2 269

(e) y=xy
i(Ceﬁz):Cxe‘Z’Z
dx

y:Cex2/2
70.(a) y"=x
2
y':J‘xalx:?+Cl
x? x°
y=_[7+C,dx=€+Clx+C2
(b) y'=-x
2
y'=_[—xdx=—7+C1
x? x?
y=J.—7+C]dx=—€+Clx+C2
(¢) y"=—sinx
y':_[—sinxd)c:cosx+Cl
y=J.cosx+Cldx=sinx+C1x+C2
@@y =y
d X —X X —X ’
E(Cle +Cye ):CIe —Ce "=y

d (Clex - Czeﬂ') =Ce" +Ce " =y

dx
y=Ce* +Che "
(e) y'=-y

d . .

d—(C1 sinx+C, cosx)=C,cosx—C,sinx =y’
X

d . .

E(CI cosx—C, smx) =—C,;sinx—C,cosx

y=C;sinx+C,cosx

Section 6.2 Antidifferentiation by
Substitution (pp. 331-340)

Exploration1 Are jf (u) du and jf (u) dx the

Same Thing?
1. If(u) du= ju3du
4

=L yc

NN
~~
=

(3]
=
'S
=
(=)}
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Quick Review 6.2
2age L SP oL gy _32
L f = x?] = 2@ 0=

[

5 5 2 5
) jl Ji—1dx= jl (x=1)"2dx = O 3’2]1

_ 2(4)3/2 _ E(O)yz

3
2 16
=2@])=—
3( ) 3
3. ﬂz’jx
dx
4. ﬂz’jx
dx

5. Y 4(x* - 222 +3)°(3x% —4x)
dx

6. ﬂ=2 sin (4x—5)cos (4x—5) <4
dx
=8 sin (4x—15) cos (4x—5)

d .
7. @ _ e—sin x =—tan x
dx cosx
d
8. @ _ - °eCOS X =cotx
dx sinx
d 1
9. @ _ -(secxtanx+sec2x)

dx sec x+tanx

_sec x tan x +sec’x
sec x +tan x

__sec x(tan x + sec x)
sec x +tan x
=sec x

dy 1

10. =
dx cscx+cotx

(—cscxcotx— csc? X)

Ccsc x cot x + CSC2 X

csc x+cotx

_csc x(cot x +csc x)

csc x+cotx
=—CSC X

Section 6.2 Exercises

1. I(cosx—3x2)dx=sinx—x3+C

2. Ix_zdx =—x'+C

3.I pol dt:i+z"+c
? 3

4.J. di =tan ' t+C

wn

=)

3

* ]

o

10

11

12

1

w

14

15

16

17.

2 +1

. J.(3x4 —2x73 +seczx)dx = %xS +x2+tanx+C

2
. J.(Ze”+secxtanx—\/;)dx=2e"+secx—§x3/2+C

. (—cot u+C)' = —(—csc2 u)= esc?u

. (—csc u+C)! =—(—cscucotu)=cscucotu

1 '
e HC | =2 (@)=
2 2

1
( ! 5X+CJ - b 5*(n35)=5"

ns In5
1
.(tan_lu+C)1 )
1+u
. (sin_1u+C)l =
1-u?

. J.f(u) duzJ\/; du=§u3/2+C=§x3/2+C

If(u) dxz-[\/; dx =J.\/x72dx= Jx dx=%x2+C

.If(u)duzjuzdu=%u3+C=%x15+C
If(u)dxzfuzdxzj.xlodle—llx“+c
.If(u)du=_[e“du=e“+C=e7x+C

Fu) du=|e'dx= e dx==¢"*+C

J Jetas=[eax=3
. | fw)du=|sinu du=—-cosu+C=-cosdx+C
Jradu=]

[ £y dx = [sinu dx = [sin4x dxz—icos4x+C

u=3x
du=3dx

1
—du=dx
3
. 1¢.
J.sm 3x dxzf'[smu du
3
1
=——cosu+C
3
1
=——cos3x+C
3

Check: a4 —lcos 3x+C |= 1(— sin 3x)(3) = sin 3x
dx\ 3 3
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)
18. u=2x “Lan X sc
du=4x dx 3 3
1
x dx=—du Check: L[ LeanXic)2t b 11
4 dx\ 3 3 3 ) 3 94x2
1 1+ =
J.xcos(sz)dxzzj.cosu du 3
1 2. u=1-r°
=—sinu+C
4 du=-3r*dr
= Lin@a?y+c |
4 ——du=r’dr
A1, Lo ) 3
Check: —| —sin(2x“)+ C [=—cos(2x”)(4x) = xcos(2x”) ,
dx\ 4 4 J~9rdr_9_lj-ﬂ
19. u=2x J1-73 3 \/;
?u =2dx = —3Iu_1/2du
—du=d
T =3Qu"?+C
1
Isechtaan dxzajsecutanu du =—6V1-r’ +C
d 1
_! Check: *(—6 1—r3+C):—6( J(—3r2)
—zsecu+C dx N
1 9r?
=—sec2x+C =
2 -7
d(1 1
Check: —| —sec2x+C |=—sec2xtan2x «2 =sec2x tan2x t
dx\ 2 2 23. u=1—c055
20, u=7x=2 du="sinlar
du="Tdx 2 2
L= ax 2 du=sin’dt
7 2
1 2
[28(7x-2)dx = [28udu=u* +C = (7x-2)* +C Il_cosi sinidt=2ju2du
7 2 2
. d 4 _ 3y _ 3
Check: [ (Tx=2)" +C | = 4(7x~2’(1) = 28(7x~2) _ % Aic
d 3
21.u=§ :g 1—cos£ +C
: 3 2
du=—dx
3 3
3 du=dx Check: 4| 2[1=cos’]| +c
dx ¢ 3du dx|3 2
I 2 _J. 2
x°+9 u”+9

2
ZEJ' du :2(1—0052) (sm;)(;)
97 4% +1
2
zlj. du = l—cosi sini
39U 41 2 2

| -
=§tan lutc 24, u=y4+4y2+1

du=(4y> +8y) dy
du=4(y>+2y)dy

iduz(y3+2y)dy
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24. Continued
Ig(y4 +4-y2 +1)2(y3 +2y)dy = 8(31)_[112(11,{

2
=Zuw+C
3

2
=§(y4+4y2+1)3+C

d|2 4 213
Check: —|=(y" +4y"+1)"+C
dx[S(y Y+

=2(y* +4y* + )% (4y* +8y)
=8(y* +4y> +1)*(y’ +2y)
25.Letu=1-x
du=—dx
J‘ dx _ @
1-x%) u?
=u'+C
:L+C
1-x
26.Letu=x+2
du=dx
Isecz(x+2) dx = jseczu du
=tanu+C
=tan(x+2)+C

27.Letu=tanx

2
du=sec” x dx

I\/tanx sec’x dx = Jul/2du

_2p e
3
_2 32
=—(tanx)"“+C
3
28. Letu:9+%
du=do
jsec(9+ﬂ)tan(0+n)d9 = Jsec utanu du
2 2
=secu+C
=sec(9+ﬂ)+C
2
29. Itan(4x+2) dx
u=4x+2
du=4 dx
ldu=dx
4
! d
thanu u

= —iln‘cos(4x+2)‘+c or

iln‘sec(4x+ 2)‘ +C

-2
30. j 3(sinx) dx

u=sinx
du = cosx dx
du

COS X
J3 udx
=-3cotx+C

31.Letu=3z+4

du=3dz
1
—du=dz
3T
1
Icos(3z +4)dz = fJ.cos u du
3
1.
=—sinu+C
3
1.
=§sm(3z+4)+C

32. Letu=cotx

2
du=—csc” x dx

I\/cotx csc? x dx = —Iul/zdu
2
_ch i
3
2
= —f(cot)c)y2 +C
3
33.Letu=1Inx
1
du=—dx
X

J-ln6x

B dx = Juﬁdu

1
=—u'+C
7
—1(1n7 x)+C
7
34. Letu= tani
2

du= lseczidx
2 2

J.tan7 fseczia,’x = 2fu7du
2 2
2. ke
8
= ltan8 £+C
4 2

35. Letu=s*?-8
4
du= gsmds

idu = s"3ds
4



35. Continued

J.s”3 cos(s4/3 —-8)ds= iJcos u du
4
= isinu+C
4

=%sin(s4/3 -8)+C

36. J.sm T3y = Jcsc23x dx

Letu=3x
du=3dx

1
—du=dx
3

1
Ics023x dx = f'[csczu du
3
1
=——cotu+C
3

= —%cot(3x) +C

37. Letu = cos(2t+1)
du =—sin(2t +1)(2)dt

—%du =sin(2t +1)dt

J' sin(2¢ +1) dtz—lJ.u_zdu

cos?(2t+1) 2
1
=—u'+C
2
1
=—+C
2cos(2t+1)
=%wd%+D+C
38.Let u=2+sint
du = cost dt
[0Sy = 6] udu
(2+sint)
=—6u"l+C
6
=- +
2+sint
39.
J.x In x
u=Inx
duzﬂ
X
X du=dx

jﬂzln u=Inlnx)+C
u

Section 6.2

40. jtanzx sec®x dx

41.

42.

43.

44.

u=tanx
du=sec’x dx
du

71 u+C

7J.x 241

=fln +1)+C
5 (o +1)

J'40dx

x2+25

U=x

a=>5

du=dx

40[— du 1 ttic
w+d® a a

@tan_1 x+C 8tan~ £+C
5 5 5

3
Jcot3x '[Sln x

Letu= cos3x
du=-3sin3xdx

cos3x

—%du =sin3xdx

J.cot3x - _7'( du

:—fln‘u‘+C
3

= —lln‘cos3x‘+C
3

1
(Anequivalent expression is 3 In ‘sec 3x‘ +C.)

Letu=5x+8
du=5dx

fdu dx

= J‘u*m du

J‘\/5x+

:l 2u?+C
5

—\V5x+8+C

273
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45. Isecxdx = jsecx o(m)dx

sec x + tan x

SeC2 X +secxtanx
e vtseexuny

secx +tanx
Letu=secx+tanx
du = secxtanx+sec’ xdx

jsecxdxz Ilduz ln‘u‘+C = ln‘secx+tanx +C
u

46. jcscxdx = Icscx(wjdx

cscx+cotx

_ csc? x+cscx cotx d
cscx +cotx
Letu=cscx+cotx
du=—csc x cotx—csc? xdx
1
J-cscxdx=—_[fdu
u
=—ln‘u‘+C
=—1n‘cscx+cot x‘+C

47. Jsin3 2xdx = J(sinz 2x)sin 2x dx

= J(l—cosz 2x)sin2xdx

u=cos2x
du = —sin 2x dx

48. J.sec4 xdx = J (sec2 X) sec’xdx

= I(l +tan” x)sec’ xdx
u=tanx
du =sec® xdx
=j(1+u2)du

e
=u+—+C

3

n3x

ta
=tanx+ +C

49. J.Zsinzxdx = J(1+2sin2x—1)dx

= I(1+cos 2x)dx
u=2x
du=2dx

1
=EJ(1+COS u)du

=%(u+sin u)+C

sin 2 x

=x+ +C

50. 140052 xdx = J(—Z(l— 2cos? x)+2)dx

= j(—z c0s2x+2)dx
u=2x
du=2dx

=%J(—2005u+2)du

1
=5(—23inu+2u)+C
=2x—sin2x+C

51. J.tan4 x= _[taln3 X (5602 x—1)dx

= I(tan3x sec? x — tan? x)dx
u=tanx
du =sec? xdx
= I(uz —u)du
3
u
=—-u+C

3
X
= 3 —tanx+x+C

52. J.(cos4 x—sin* x)dx

= J’(cos2 x +sin® x)(cos2 x—sin® x)dx

= [(icos2x))dx
1
=—sin2x+C
2
53. Letu=y+1
du=dy
3 _[*n
J.O\/y+ldy—J.lu du
_2 a7
= ]I
20 3 2 3
== ==y
3( ) 3()
2 2 14
=Z@®)=£=2=
8() 3 3
54, Letu=1-r>
du=2r dr
—ldu:rdr
2

1 0
J. 1-r? dr=—lj. u’? du
0 24

1 2 0
__1 '7”3/2]
2 3 1

1

1 1
= —5(0)""5(1) =3



55.

56.

57.

58.

59.

Letu =tanx
du = sec® xdx

0 ) 0
J. tan x sec xdx:J u du
—r/4 -

_1,70
= Ju L
1 1,
== (0)——(-1
2() 2( )
__ 1
2
Letu=4+r"
du=2rdr
1
—du=rdr
2

1 5
I Sir“drzéj. u?du=0
14+r7) 29

Letu =1+ 6>
du=>6"do
2

%du=9”2d0

110V 2 2,

107(1+93’2)2 dG_g(IO)L u du
20 4P
=S ]]

__ 2001
312
__20f_1)_10
3 2 3
Letu=4+3sinx

du=3cos x dx
1
—du=cos x dx
3
J‘ COSX
‘”1/4+3smx
Letu=1 +2¢
du=(5t"+2)dt
1/2
j\/z +21 (5t* +2)dt = j du
3
2
_Z,n
3 0
_2

2302
3 3

%Jﬁ:zﬁ

= au=o

Section 6.2

60. Let u = cos26
du=-2sin20 d6

—%du =sin 26 d6O

61.

62.

63.

64.

65.

66.

/6
I COS
0

3 205in 20 d6 = —1j”2u*3 d
21

J'7 dx

0 x+

2

u=x+2
du=dx

7du

u

—lnu‘ :ln(x+2)‘(7) =1n(§)=1.504

5 .d
L 2xi

3

u=2x-3
du=2dx

Sdu_ 1

22
2 dt

D = -3 =
o2 122 2

1r-3
u=t-3
du=dt

2du

L u

L cotx dx=

—In u‘ - 1n(t—3)‘12 - 1n(§)= ~0.693

3m/4 cos x dx

X sin x

u=sinx

du=cosxdx

3r/4
T

4

du 3mi4 . 3m/4
—=1nu‘ =1In (sinx) =0
u /4

dx

3 X
I

I x

u=Xx

+1

241

du=2x dx

NS

J* dbt 1

3 _1 2 3 _
—Zln(x +1)_1—

dx

0 3+e"

u=3+e*

du=e"

2du
0

dx

=In u‘ —In(3+e") i =0.954

275

% In(7)=0.973

1
—1In(5)=0.805
> n(5)
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67. Let u=x*+9,du=4x" dx.

3
1 x7dx 01 _yp L 1
a = — d = —
()JO\/x4+9 J; 4u ‘ 2M 9
RN
2 2
1
=—4/1 —§=0.081
2
3

L o
2
:%\/x4+9+c
xS 1
J.xdx=;\1x4+9:|

0x* 49 o
l\/— 1
=—10--+9
2 2
l\/— 3
=—+/10-==0.081
2 2
68. Let u=1-cos 3x, du=3sin 3x dx.

2
/3 ) 2l 1,
(a) jﬂ/ﬁ (1—cos3x)sm3xdx—J.l Judu=u ]1

1
6

(b) j(l— c0s3x)sin3x dx = Jéu du

1
=—u’+C
6

1
=g(1—cos3x)2+C

/3

/3 . 1 2
I (1-cos3x)sin3xdx =—(1-cos3x)
/6 6 6

1., 1., 1
=—2)-—=0)"==
6() 6() 5
69. We show that f”(x) = tanx and f(3) = 5, where
cos3
F(x)=In|—|+5.
cos3

cos3

:

d
= f(ln‘cos3‘ — ln‘cosx‘ +5)
dx

Cosx

£ U
xX)=—
dx

d
:——ln‘cosx‘
dx
1 .
=— (—sinx) = tanx
cosx

cos 3

f@3= +5=(nl)+5=5
cos 3

Lop gt
=@ =7

sin2

u=sinx y=sin2

du = cos x dx

d u
dy=—|In|—|+6

X 14

dy= %(ln‘u‘—ln‘v‘+6)

du cosx
dy=—=——"=cotx
u sinx

f(2)=cot(2)=6

71. False. The interval of integration should change from
[0, 7 / 4] to [0,1], resulting in a different numerical answer.

72. True. Using the substitution u = f(x), du = f’(x)dx,

, (b) .
we have b [ (x)dx = _[f( @ = lnuf(b)
a fxy 0w s
— In(f (b))~ In(f(a) = 1“(%;)'
73.D.
w4
74.E. J.zezxdx =¢ =¢ -1
0 2 2

75.B.j:F(x—a)dx=F(5—a)—F(3—a):7

Ij::F(x) dx=FG5-a)-F@-a)=17

76. A. isinx =CoSX
dx

cos(—n)=0
2

cos(0)=1

cos(”) =0
2

77.(a) Letu=x+1
du=dx

I\/dez ful/zdu

2
==u*+C

3
=2+ 4C

3

i df2 32
Altematlvely,d— g(x+1) +C |=+x+1.
x

(b) By Part 1 of the Fundamental Theorem of Calculus,

d d
LZJX_Hand%:\1x+l,sobothare
x

dx
antiderivatives of vx+1.



77. Continued
(¢) Using NINT to find the values of y, and y,, we have:

x 0 1 2 3 4
Y 0 1219 | 2.797 | 4.667 | 6.787
y, | 4667 |-3448 | 1869 | 0 | 2.120
Y=y, | 4667 | 4667 | 4.667 | 4667 | 4.667
c=42
3
@C=y -y,

T e [N
=j0\/ﬁ dx+jj\/m dx
=[x+l dx

78. (a) di[F(x) + C] shouldequal f(x).
X

(b) The slope field should help you visualize the solution
curve y = F(x).

(c) The graphs of y; = F(x)and y, = Jg f(¢)dt should differ
only by a vertical shift C.

(d) A table of values fory, — y, should show that
1 — ¥, = C forany value of x in the appropriate
domain.

(e) The graph of f should be the same as the graph of NDER
of F(x).

(f) First, we need to find F(x). Letu = x2+1,du=2x dx.

J.% dx= J%u_m du
x“+1

:ul/Z

=Vx*+1+C

Therefore, we may let F'(x) = VxZ+1

d 1
a) — (VX2 +140)=——(2x)
dx 24x%+1

X
===/

x“+1
b)[R Ao~ ~[ - 7 ~
)\\%/
N N
NWANS s
Somay Ll
s il
NN w4444
e e e s et i sl i i ol
R Y
e e e e e L

[—4,4] by [-3,3]

c)

/
\\

[—4,4] by [-3,3]
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d
X 0 1 2 3 4
Y 1.000| 1.414 | 2.236 | 3.162 | 4.123
Y2 0.000| 0.414 | 1.236 | 2.162 | 3.123
Y- 1 1 1 1 1
e)

[—4,4] by [-3,3]

79. (a) J.Zsinxcosx dx = J2udu= u>+C=sin>x+C
(b) J.Zsinxcosx dx = —J.Zudu =—u’+C=—cos’x+C

(c) Since sin x— (- cos? x) =1, the two answers differ by a
constant (accounted for in the constant of integration).

80. (a) J.Zseczx tanxdx = qudu =u*+C=tan’x+C
(b) J.Zseczx tanxdx = qudu =u*+C=sec’x+C

(c) Since sec? x—tan’ x = 1, the two answers differ by a

constant (accounted for in the constant of integration).
$1. (a) f dx :,[ cosu du _cosu du _ jldu.
\/1—x2 \/1—sin2u \/cos2u

(Note cosu > 0,50 /cos” u = |cosu| = cosu.)

®) | dx = [ldu=u+C=sin"'x+C
1-x?
dx sec?udu sec?udu
82. (a) = = = | ldu
'[1+x2 J.1+tan2u '[ sec’u '[
dx -1
(b) j1+x2=j1du:u+cztan x+C
$3. (a) 2 \/;dx _J-sin"x/ﬁsiny-Zsinycosydy
0 J1—x Jsin'Vo \/l—sinzy
/42 sin? /4
=J” 2sin ycosydyzrr 2sin2ydy
0 cosy 0
172 \/;dx T,
(b) o m—fo 2sin” y dy

/4 . 4
:J-o (I=cos2y)dy=[y—(1/2)sin2y];
=(r-2)/4
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B3oodx J-tan"ﬁ sec’u du
0

\/1+x2= @0 14 tan2u

mi3sec’u du J-ﬂ/S

84. (a)

secu du

0 secu 0

Boodx 3 /3
(b) ='f secu du:[ln‘secu+tanu‘]
0 V1+x2 0 0

=1n(2+J§)—1n (1+0)=1n(2+J§)

Section 6.3 Antidifferentiation by Parts
(pp. 341-349)

Exploration 1 Choosing the Right u and dv
1. u=1 du=0

dv=xcosx v= chosxdx

Using 1 for u is never a good idea because it places us
back where we started.

2. u=xcosx du=cosx—xsinx
dv=dx  v=[dx=1
The selection of # = x cos x will place a more difficult
integral into J vdu.

3. u=cosx du=-sinx
dv=xdx v=_[xdx=x2
The selection of dv = x dx will place a more difficult
integral into J vdu.

4. u=xand dv=cosxdx are good choices because the
integral is simplified.

Quick Review 6.3

1. % = (x>)(cos 2x)(2) + (sin 2x)(3x?)
X

=2x3cos2x +3x2sin2x
dy 2x 3 2x
2. —=(e +1In Bx +1)2e
dx ( )(3x+1) ( X )
2x
=3 2 In GBat )
3x+1
R
dx  1+(2x)
2
1+4x2
dy 1

Cdr - (x+3)

S. y= tan”™! 3x
tany=3x

1
X =—tan
3 y

6. y=cosfl(x+1)
cosy=x+1
x=cosy—1

1
1, 1

7. I sin7tx dx = ——cosmx
0 T o

1 1
=——cosm+—cos0
T T

P
T T
8. P e
dx
dy=e*dx
Integrate both sides.
Idy = Je2xdx
1 2x
=—e" +C
Y72

9. ﬂ=)c+sinx
dx

dy = (x+sinx)dx
Integrate both sides.
Jdy=[(x+sinx)dx
y=%x2 —cosx+C
y0)=-1+C=2
Cc=3

1,
=—x"—cosx+3
Y7o

10. L lex(sinx—cosx)
dx\ 2

1 . . 1
= Eex(cosx+ sin x)+ (sin x — cosx)Eex

1, 1, 1., 1,

=—e cosx+—e'sinx+—e*sinx——e*cosx

2 2 2 2
=e¢*sinx

Section 6.3 Exercises

1. stinx dx

dv=sinxdx v= Isinx dx =—cosx
Uu=x du=dx

—XCOSX— I—cosx dx =—xcosx+sinx+C
2. Jxexdx

dv=e'dx v= _[exdx =e*
u=x du=dx
xex—J.exdx:xeX—ex+C



3. [3re¥ar
2t
dv=edt V= fezrdl =—
u=73t du=3dt
eZt eZt 3 3
3t —-— f3—dz =21 -Ze¥ 4 C
2 2 2 4
4. [21cos 31y dt
sin 3¢

dv=cos3tdt v= Jcos Bt)ydt=

u=72t du=2dt
2 sin 3¢ B J-Z cos (3t)
3

5. J.xz cos x dx

dv=cosxdx

u=x> du=2xdx

x2 sinx— Jszinx dx

v= Icosx dx =sinx

dv =sinx dx vzjsinxdxz—cosx
u=2x du=2dx
xZsinx+2xcosx— JZcosxdx

=x%sinx+2xcosx—2sinx+C

6. sze_xdx
dv=e"dx v= _[eixdx:— -
u=x* du=2xdx
—x%e T - _[—Zx e “dx
dv=e" V= fe_xdx =—¢"

u=2x du=2dx

—2xe " — J.—Ze_xdx =—x% -

7. I3x2 > dx
er
dv=e**dx v:Jezxdxz—
2
u=3x2 du=6x
3x ——I6 —dx—3x e
2

2x
dv=e>* y= jezxdx =—
2

u=3x du =3dx

2x

2 2 2

j3x > dx

3 3 e 3
2P —Zxe - JS dx==x% —Zxe** +

2 2
dt = gtsin3t—§cos Bn+C

2xe * —2e7*

+C

éeh +C
4
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8. Ixz cos(x)dx
2

dv =cos X dx v—J‘cos dx =2sin| —
2 2 2

u=x> du=2x dx

2x° sin(;‘) [ax sm( )dx
= fof o 22

u=4x du=4dx

2x%sin X +8xcos X
2 2

—J8cos X dx =2x"sin +8xcos| = |-16sin X +C
2 2 2 2

dv =sin X
2

.J.ylnydy
2
y
dv=yd V= dy=—
ydy [vay 5
1
=lny du=—dy
y
1, Y1, 1,y
~yIny- [ —dy=—y*Imy-2-+C
;Y Iy fzyy Sy Iny==,
.Itzlntdt
t3
dv=r*drt v=J.t2dt=—
3

u=Int duzldt

’%
lﬁlnz—ft—ldt—it ni-—+C
3 3¢ 3 9

. dez 'f((x+2)sinx)dx

dv=sinx dx v=jsinx dx =—cosx
u=x+2 du=dx
—(x+2)cosx— '[—cosx dx =—(x+2)cosx+sinx+C
2=—(0+2)cos(0)+sin(0)+C
2==-2+C
Cc=4
y=—(x+2)cosx+sinx+4

o e e
o e e e ]
N e ]
e e e ]
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12. de = J2xe_"dx

dv=e" v= J‘efxdx =—e "
u=2x du=2dx
—2xe " — I—Ze_xdx =-2xe " -2 +C
3=-2(0) e -2V +C
5=C
y=—"2xe " =2¢"+5

f— o
| o i

[-2, 4] by [0, 10]
13. J.du =J.x sec? xdx

dv= Jseczxdx v= _[seczxdx=tanx
w=x dw =dx
xtanx—Jtanx dx=xtanx+Inlcosx|+C
1=0tan (0)+1Inlcos (0)I+C
c=1
u=xtan(x)+Inlcos(x)l+1

|+ e ot

—-1.2,1.2] by [0, 3]

14. J.dz = J.x3 Inx dx

15. J.dy = jx\/ﬁ dx

dv=(x-D"  v=[(x-1"dx= %(x— 1)>?
u=x du=dx

2 3/2 2 3/2
SR —Jg(x—l) dx
= %x(x—l)m —%(;:—1)5’2 +C

2 3/2 4 512
2= A== Za-p"+C
3()( ) 15( )
c=2

2 3/2 4 5/2
=Zx(x-1? - (x-nP?+2
y 3x(x ) 15(x )

—e e S EE

[1, 5] by [0, 20]

16. [dy=[2xx+2 dx

dv=(x+2)"  v=[(x+2)" dx=§(x+2)3/2
u=2x du = 2dx

4 w4 32

5x(x+2) —J.g(x+2) dx

4 s 8 512
=—x(x+2)""——(x+2)""+C
3x(x ) 5 (x+2)

4 3/2 8 5/2
0=— (=) (-1+2)"* - =(1+2)"*+C
3 DI+ - (+2)

c=2
15
y=%x(x+2)3’2—1§(x+2)5’2+

5
:
:
!
:
4
s

28
15

[-2, 4] by [-3, 25]
17. J.ex sinx dx

dv=e"dx v:JedezeX

u=sinx du=cosx dx
e sinx— _[ex cosxd
dv=e"dx v:'[exdxzex

U=CoSx du=—sinx dx
J.e" sinxdx =e*sinx—(e* cosx — j—ex sin x dx)

X
. et .
J.e" sinx dx= ?(smx—cosx)-kc



18. J.e_’C cos x dx

dv=cosxdx vzjcosxdxzsinx
u=e " du=—e *dx

e *sinx— f—e"" sinx dx

dv =sinxdx v=jsinxdx=—cosx

u=e* du=—e"dx

J.e*]C cosxdx=¢e "sinx—(e *cosx— j—e”’ cosxdx)

—X

Ie‘x cosxdx = %(sinx—cosx)+C

19. J.ex cos 2x dx

dv=cos2x dx v= JCOSZx dx = 2sin2x

u=e* du=e'dx
2¢*sin2x — j2sin2x e“dx
dv=2sin2x  v=[2sin2x dx=—4cos2x

u=e* du=edx
_[e" cos2x dx

= 26" sin2x — (—4e” cos2x — j—e"dx 4cos2x dx)

_[e" cos2x dx = %(ZSin 2x+cos2x)+C

20. Je_x sin2x dx

dv=sin2x dx v=JSin2x dx =-2cos2x
u=e " du=—-e"dx
—2e " cos2x— JZe_X cos2x dx
dv=cos2x dx v=Icos2x dx =2sinx
u=e > du=—e"dx
J‘e’x sin2x dx =—-2¢ " cos2x
—(2e " sinx — f—Ze‘x sinx dx)

—X

e
5

J‘e’x sin2x dx =——(2cos2x+sin2x)+C

21. Use tabular integration with f(x) = x*and gx)=e".

f(x) and its g(x) and its
derivatives integrals
e ® e
4x3 “) -t
1247 ) e
24x ) -
24 +) e
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J‘x4efx dx

= —xte ™ —dxPe T —12x%e T = 24xeF =24 +C
=—(x* +4xX +12x2 4 24x+24)e " +C

dv=e* dx

du=(2x-5) dx v=e"
j(xz—Sx)ex dx:(xZ—Sx)ex—fe*(zx—S) dx

22.Let u=x>—5x

Let u=2x-5 dv=e" dx
du=2dx v=e"
(x2—5x)ex—J.ex(2x—5) dx
=(x2=5x)e" —(2x—5)ex+J.Zex dx
=(x2=5x)e" —=(2x=5)e* +2¢" +C
=(x*~Tx+T)e" +C

23. Use tabular integration with f(x) = x*and gx)= e 2.

f(x) and its g(x) and its
derivatives integrals
3 e—'lt

2 x5

x

1
© 3¢
] -2
bx *+) i
1
6 (_) g{’ '
1 5
0 6 e
J.x3e_2" dx
:_lx36—2x_éxze—Zx_éxe—Zx_ge—2x+c
2 4 4 8
3 2
S [ S SR O
2 4 4 8

24. Use tabular integration with f(x) = x*and g(x)=cos 2x.

f(x) and its g(x)and its
derivatives integrals
P &\ cos 2x
32 © % sin 2x
1
6x ) ~3 cos 2x
1.
6 ) 3 sin 2x
0 -1 cos 2x
16

3 2
x—sin 2x+3icos 2x—%7x sin 2x—§cos 2x+C

X
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25. Use tabular integration with f(x) = x%and g(x)=sin 2x.

f(x) and its 2(x) and its
derivatives integrals
X2 (+) sin 2x
2x ) - % cos 2x
2 (+) - } sin 2x
0 1 cos 2x
8

. 1 | 1
JxZ sin 2x dx = —— x> cos 2x+5x sin 2x+—cos2x+C

1-2x° X .
= cos 2x+—sin 2x+C
4 2

[ 1-2x2 X i
cos 2x+—sin 2x
4 2

0

/2 .
f x2 sin 2x dx
0

Il
—

2
1—2(’;) |
| 2L (—1)+0—(4)(1)—0

=Z 20734
8

[(N)
0| =

Check: NINT(X sin 2x, x, 0, 2) 0.734

26. Use tabular integration with f(x) = x*and g(x)=cos 2x.

f(x) and its 2(x) and its
derivatives integrals
o K cos 2x
3x% () % sin 2x
6x 1 2
(+) -3 cos 2x
L n
6 =) 3 sin 2x
0 Tlé cos 2x

Ix3 cos 2x dx:lx3 sin 2x+§x2 cos 2x—§x
2 4 4

. 3
sin 2x — — cos 2x

3 2
= x——3—x sin 2x + 3L—§ cos2x+C
2 4 4 8

3 3 3 ) 3 /2
Jﬂ/2x3 cos2x dx = [(x —stin 2x+(x—Jcos Zx]
0 2 4 4 8
o
3n 3 3
=0+| —-=|[-D-0-|-=]1
[ " J( )— ( SJ()

3o
4 16

Check: NINT(X cos2x, x, 0, 2) —-1.101

27.Let u=e* dv =cos3x dx

1
=—sin 3x

jel‘ cos 3x dx = (e2x)(3sm 3x) f (;sin 3x](2e2x dx)

1 2
=—¢>*sin3x - fjezx sin 3x dx
3 3

du=2e" dx

2x

Let u=e dv =sin 3x dx

du=2¢* dx y= —écos 3x
J‘eh cos 3xdx= 1.32)C sin 3x
—i[(ezx)(—; cos 3x)— I(—;cos 3x](262x dx):|
1 2x : 4 2x
=—e”" (3 sin3x+2cos 3x)—§j cos 3xdx

1 1
§ j ¢ cos 3x dx = ge“@ sin 3x+2cos 3x)

1
[ e cos 3x dx = Ee“@ sin 3x+2cos 3x)
3
3 2x 1 2x :
J‘ize cos 3x dx = l:13€ (3sin 3x+2cos 3x)]
)

= 1]—3[e6(3 $in9+2 cos 9)
— e (3 sin(=6)+2 cos (—6)]
= 1]—3[e6(2 c0s9+3sin9)

—e™(2 cos 63 sin 6)]
~—18.186

Check: NINT (¢ cos 3x, x,-2, 3) =~18.186
28.Let u=e¢ > dv=sin2x dx
du=-2e"* dx v= —lcos 2x
Je “2%6in 2x dx = (e (—;cos 2x]
( %cos ZxJ( 2¢7 dx)

e *cos 2x — J.e’ZX cos 2x dx
2



28. Continued

—2x

Let u=e dv =cos 2x dx

1
du=—-2¢% v=—sin 2x

1 1
J.e_z"sin 2x dxz—E 2% cos 2x—[(e . (zsin Zx)

- J(;sin 2x)(—2e_2x dx)}
_ 1 —2x : -2
——Ee (cos 2x +sin 2x) —Je

1 .
2fe'sin 2x dx=- ¢ (o8 2x+sin 20+ C

—2x
J.e_z"sin 2xdx=-%
4

(cos 2x +sin 2x)+C

2 —2x
I e *sin 2x dx = [— ¢
-3 4

2
(cos 2x +sin 2x):|
-3
ot
= _T(COS 4 +sin 4)

6
+ %[cos(—6) +sin (=6)]

-4
= —e—(cos 4+sin 4)

o
+ Z(COS 6—sin 6)

=~125.028

Check: NINT(e*“ sin 2x, x, 3, 2) ~125.028

29, y= J. 2 4\7
Let u=x> dv=e*dx
1
du=2x dx y=—e*
4

14 14
y=K )(4 4 ) J(4e4 )(2x dx)

1 1
=—x%M = J.xe“dx
4 2
Letu=x dv=e* dx
1 4
du=dx y=—e¥
4
_1 2 4x 1 1 4x 1 4x
y—Zx e —2[()()(46 —I Ze dx
y=1x2e4x—lxe4"+ie4x+C
4 8 32
2
y=| 2 - LIPLE S
4 8 32

*sin 2x dx

30.

31.
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yzsz In x dx
Letu=1Inx dv=x?dx
du=ldx v=1x3

X 3

1 1 1
y=(n x)(3x3)— j(3x3)(xdx)
1 1
y= §x3ln x—gfxzdx

1
y:fx3 lnx—lx3+C
3 9

y= _[0 sec™' 6 do

Letu=sec™' 6 dv=20do
duzédu v=192
Vo> —1 2

Note that we are told 0> 1, so no absolute value is needed

in the expression for du.
de]
1

et [ L2 ) [ 12 1
el

y:7 Jz\e\ do

Let w=6%—1, dw—29d9
-1 9—ljw’1/2dw
4

_9 e
75
2

1
y=%sec‘19—§w1/2+c

2
y=%sec‘le—%v92—1+c

32. y= j@ secf tanf do
Letu=6 dv =secH tanf do
du=do v=sech

33.

y=0 sece—fsec 6 do
y=0 sec@—ln‘sec9+tan0 +C

Note : In the last step, we used the result of Exercise 29 in
Section 6.2.
Letu=x dv=sin x dx

du=dx V=—Cosx

J.x sin x dx =—Xx cos x+J.cosx dx

=—x cosx+sin x+C

(a) f ‘x sin x‘ dx = J X sin x dx

=[—x CcoS x +sin x]g
=-n(-D)+0+0(1)-0
=7
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33. Continued

34

35

(b) Jjﬂ‘x sin x‘ dx = —Jjﬂx sin x dx

. 27
=[x COS X —SIn x]ﬂ
=2n(1)-0-m(-1)+0
=3r

(c) Jjﬂ‘x sin x‘ dx = J‘:‘x sin x‘ dx + Jjn‘x sin x‘ dx
=n+3n=4r
. We begin by evaluating J(xz +x+1)e" dx

Let u=x>+x+1 dv=e"" dx
du=Q2x+1)dx y=—e"
Jo? +x+De™ ax
=—>+x+1)e™ +J-(2x+1)e_x dx
Let u=2x+1 dv=e"" dx
du=2dx v=—e"
J‘(x2+x+1)eﬂ‘ dx
=—@+x+1)e " = Qe+ 1e "+ [2e7 dx
=—(+x+DeF—Qx+ e ¥ =2 +C
=—(*+3x+4)e +C

\

Intersection
w=1.0803204 |¥Y=1.1031728

[-3.3] by [-3. 3]
The graph shows that the two curves intersect at x = k,
where k = 1.050. The area we seek is

J:(xz +x+1)e " — J:xz dx

2 Sy 1T
[—(x +3x+4)e X:I —[x :|
0 3 o
(—2.888+4)—(0.386-0)
=0.726

i

. First, we evaluate je" cos t dt.

t

Let u=e" dv=costdt
du=—e"dt v=sint
Ie" cos tdt=e 'sin t+Jsin te dt
Let u=e™ dv=sin tdt
du=—e" dt v=—cost

J‘e”cos tdt=e'sint—e 'cos t— je”cos rdt

2Je_’cos tdt=e'(sin t—cos )+ C
1 .
J.eftcos tdt= E('(sm t—cost)+C

Now we find the average value of y=2e 'cos ¢ for
0<t<2m.

1 o,
Average value = —J 2¢ 'costdt
2 70

1 ¢2
= —J Felcos t dt
Y0
1 27
=—e¢'(sinr—cos 1)
2 N
_ i -2z 0
= zﬂ[e (-D=e"(-1]
B 1- 6—271
2
36. True. Use parts, letting u = x, dv = g(x)dx, and v = f(x).

=0.159

37. True. Use parts, letting u = xz, dv = g(x)dx, and v = f(x).
38.B. J.xzcos x dx=x%sin x+2x cos x—2sin x+C

See problem 5.
f2x sin x dx =—2x cos x+2sinx+C
See problem 1.
h(x)= xZsinx+C
39. B. Ix sin (5x) dx
1
dv=sin(Sx)dx  v=[sin(5x) dx = ~ cosSx

u==x du=dx

—éxcos(Sx)—J—%cos(Sx) dx = —éx cos x
+2i5 sin(5x)
40. C. jx csc?x dx

2 2
dv=csc” x dx v:_[cscxdxz—cotx

U=x du=dx

—x cot x—J.—cotx dx=—x cotx+In |sinx|+C

41.C. Idy = J4x In x dx

dv=4x dx v=_[4x dx=2x>
u=In x du:ldx
X

2x2 lnx—J.2x2 l dx=2x>Inx—x*+C
X

42.(a) Letu=x dv=e" dx
du=dx v=e"
Ixex dx = xe* —_[ex dx

=xe*—e"+C

=(x-De*+C
(b) Using the result from part (a):
Let u=x> dv=e* dx
du=2xdx v=e*

Ix2 efdx=x2e" — Ierx dx
=x%* —2x-De* +C
=(x2=2x+2)e* +C



42. Continued
(¢) Using the result from part (b):
Letu=x" dv=e"dx
du=3x%dx v=e*
Ix3 e dr=x> e - J-3x2 e dx
=x%e" —3(x* —2x+2)e* +C
=’ -3x2 +6x—-6)e* +C

n

) x”—dix"+%x”—~-~+(—l)" X"t +C
X X

dx"
n n-1 n-2
or [x —nx" +nn-1)x""—

e (=1 ) (— 1)"(n!):|ex +C

(e) Use mathematical induction or argue based on tabulat
integration.

Alternately, show that the derivative of the answer to
part (d) is x"e":

d
E[(x" —nx" T+ nm-1x" -

o (S @+ (= 1)l)et +c]
=" —nx" +nm-1x"2 -

et (=D @) x+ (= 1) "nlle" +

e’ i|:x" —nx" M+ nm-Dn"2 -

dx
et (=D @D x+ (= 1)"n]

=" —nx"" +nm-Dx"2 -
et (=D () x+ (= 1) "nlle”
+|:nx”_1 —n(n—-1)x"2
+nn-1)n—-2)x"7 -
ek (=D le”
=x"e"

43. Let w= \/; Then dw = d—
2Jx
j sin \x dx = j(sin w)2w dw) = 2jw sin w dw
dv=sin wdw

V=—COSWw

Let u=w
du=dw
Iw sin wdw =—w cos w+jcos w dw
=-wcosw+sin w+C
_[sin\/; dx=2jw sin w dw
=—-2wcosw+2sin w+C
=—2\/; cosvx +2 sin\/;+C

1
44.Let w=+/3x+9. Then dw=———(3) dx, so
24/3x+9
dx=§\/3x+9 dwzgwdw.

Jo aw= e 2w |2 fweran

d , SO dx=2\/; dw =2w dw.
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Let u=w dv=e"dw
du=dw v=e"
J.wew dwzwew—J‘ew dw
=we" —¢"
=w-1e"

Jev3x+9dx = %Jwew dw
3
2
==w-1)e"
3,( )
2 [
= g(\/3x+9 —1)e¥ ¥ 4 C
45. Let w= x>, Then dw = 2x dx.
2 2 1
Ix7ex dx = J.(x2)3ex xdx= EJ.W3 e" dw.

Use tabular integration with f(x) = w? and gw)=e".

flw) and its g(w) and its
derivatives integrals
w? +) e’
3w” ) e"
G (+) e
o ) e
0 e"

J.w3ewdw =we¥ —3w%e” +6we” —6e” +C
=W -3w? +6w—6)e" +C
2 1
J.x7ex dx =7Jw3 e" dw
2

1
=5(w3—3w2+6w—6)eW+C

3 «® —3x* +6x2 —6)6)‘2 N
- 2

C

1 ,
46. Let y=1In r. Then dy=—dr, and so dr =r dy=¢" dy.
r
Using the result of Exercise 13, we have:
Isin (Inr)dr= J(sin y)e’dy

= %ey(sin y—cosy)+C
= %e“‘ "[sin (In r)—cos (In r)]+C
- %[sin (In r)—cos (In r)]+C

47. Let u=x" dv=cosx dx

du=nx""'dx y=sinx

J.x” cosx dx=x"sinx— J(sin X)(nx""dx)

n—1

=x" sinx—nfx sinx dx
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48. Let u=x" dv=sinx dx

du = nx""dx V=-—CoSsx

J.nx sinx dx = (x")(—cosx)— J(— cosx)nx") dx

=—-x"cosx +nJ.x"_1 cosx dx
49. Let u=x" dv=e" dx
1
du=nx"" dx =—e*
a
n ax 1 ax n—1
_[ dx =" (mx""" dx)
=re —f'[x"lax dx,a#0
a a
50. Let wu=(Inx)" dv=dx
n—1
du= M dx v=2Xx
X

J(ln x)" dx=(In x)"(x)— I |:n(lnx)] dx
= x(Inx)" —nJ.(lnx)”_1 dx

51.(a) Let y=f~'(x). Then x = f(y), so dx = f'(y) dy.
Hence, [ £7'(x) dx= [0 £/ () dy]= [y £(3) dy

(b) Let u=y dv=f'(y)dy
du=dy )
[yrdy=yfm-[ro dy
=0 [ £ dy
Hence, [ /7(x) dx=[y f'(y) dy
=x - [ () dy.

52. Let u=f"'(x) dv=dx

duz(df_l(x))dx V=X

dx

[ de=xf"'0)- | x(df”(x)de
dx

53.(a) Using y= f"'(x)=sin"'x and f(y) =siny,
—% <y< %, we have:
J‘sinflx dx=xsin"' x— jsiny dy
= xsin’lx+cosy+C
=xsin”' x +cos (sin’lx) +C

d
b) [sin™'x dx=xsin”'x— [ x| —sin'x | dx
®) | | (dx
:xsin_lx—J.x#dx
\ll—x2

u=l—x2, du=-2x dx

1
=xsin_1x+fju_l/2du
2
=xsin'x+u'2+C
=xsin'x+1-x*+C
(¢) cos (sin”" x)=1—x?
54. (a) Using y= fﬁl(x) =tan"'x and f(y)=tany,

b4 T
Y <y<—, we have:

Itan_lx dx= xtan " x— jtany dy
= xtan_lx—ln‘secy‘+C
(Section 6.2, Example 5)
=xtan™! x+1n‘cosy‘+C

=xtan 'x+ ln‘cos (tan™! x)‘ +C

d
b) |tan"'x dx=xtan 'x— | x| —tan"'x | dx
®) | | ( e )

1
=xtan'x—[x dx
J (1+x2)

u=1+x2, du=2x dx

= xtan™! x—%_[uil du
=xtan”! x—lln‘u‘+C
2

=xtan*‘x—%1n 1+xH+C

(© ln‘cos(tan x)‘—ln —fln (1+x%)

i

55. (a) Using y=f’ (x)=cos ' x and
f(y)=cosx,0<x<m, we have:
J‘cosflx dx=cos 'x— Jcosy dy

=xcos"x—siny+C
=xcos™ x—sin (cos_lx)+C

d
b) [cos'x dx=xcos'x— | x| —cos™'x | dx
®) | | ( e )

1
:xcoslx—J.x[— ]dx
1-x2

uzl—xz,du=—2x dx

1
=xcos”! x—fju_'/2 du

=xcos_1x—ul/2+C

=xcos ' x—1-x>+C
(c) sin (cos’lx)lel—x2
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56. (a) Using y= f~'(x)=log, x and f(y)=2", we have Section 6.4 Exponential Growth and Decay

jlogzx dx:xlog2x—-[2ydy (pp.350-361)

2 Exploration 1 Choosing a Convenient Base
=xlog, x— 2 +C

1 1
1. h=—= 5 h is the reciprocal to the doubling period.
t

I 1092
=xl ——— e
xlog, x n
2.3=2M"
(b) jlo x dx=xlo x—jx ilo x |dx Slog3
g g, dx 53 =ht
log?2
1
:xlogzx—_[x dx 510g3:z=7.925 years.
xIn2 log?2
=xlog, x— J In 2 3. h= 1 = % h is the reciprocal to the tripling period.
=xlog, x — b +C tm
£ 2 4f:z
og
og, x =ht
(¢) 2°%* = x log3
10log2
Quick Quiz Section 6.1-6.3 o i =1=6.3093 years.
LE. g
2.C. 5. h= l = % h is the reciprocal to the half life.
t
3. A | xe¥dx ht
J ) 6. 0-(1)
dv =e¥dx sz‘eZdeze log(.10) —ht
lo 1
82
151og(.10) =t=49.83 years.

o

Quick Review 6.4

la=¢"
2. c=Ind
3. In(x+3)=2
x+3=¢?
_ 2
d x=e" -3
(b) Letd—i) =2 and y=2x+b in the differential equation: 4. 100> = 600
2x
2=2Qx+b)—4x e” =6
2=2p 2x=1In6
b=1 v=tne
2
(c) First, note that Z—y =2(0)—4(0) =0 at the point (0, 0). 5. 0.85"=25
, o In0.85' =In2.5
Ammfl%:££@y—40=2éx—¢“mmhm—4mﬂw xIn0.85=1In2.5
dx® dx dx = In2.5 5638
point (0, 0). In 0.85 ’
By the Second Dervative test, g has a local maximum at Kl Ak
6. 2" =3
(0, 0). k+1 k
In2""'=1In3

(k+DIn2=kIn3
In2=k(In3-1In2)
In2

k=——=1.710
In3—1n2
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7. 1.1'=10
Inl.1'=1In10
tInl.1=1n10
S0 1 h4s9
Inl1.1 logl.l
1
8. ¢ =—
¢ Ty

=2t = ln(lj
4

tz—lln 1 =lln4=1n2
2 \4 2

9, In(y+1)=2x+3
y+1262x+3

y:_]+e2x+3

10. In|y+2/=3t—1
‘y+2‘=e3’_l
y+2=ie3’71

y=-2% e

Section 6.4 Exercises

1. Iydyzjxdx
2 2
-2 c
22
Q)P =1)*+C
Cc=3

y= x>+ 3, valid for all real numbers

2. Jy dyz—Jx dx

2 2
Y-t .ic
2 2

B =-(4)’+C
c=25

y=1/25—x?, valid on the interval (-5, 5)
1 1
3. [=dy=|— dx
Jra=|!
Iny=Inx+C
y=x+C
2=2+C

Cc=0
y =x, valid on the interval (0, o)

4. ji dy=[2x dx

In y:x2+C

2 2
‘y‘zex+C:eCeA

y=z1Ae" " =3¢", valid for all real numbers

5. j% =j(x+2)dx

2
In (y+5)=%+2x+c

x*/2+2x+C -5

y=e
y= ecexz/2+2x _5= Aexz/2+2)c _5
y=6e" Y22x 5, valid for all real numbers
dy
6. = |dx
Sty =1
tany=x+C
tan(0)=0+C
Cc=0
y= tan”" x, valid for all real numbers.
7. D cos x elefin*
dx

J‘e‘v dy= jcos x ¥ dx
—eV =M 4
_80=651n0+c
C=-2

y=—In (2—¢""¥), valid for all real numbers.

J.efy dy= Jex dx
eV =e"+C
C=e¢-e"=¢"-1

y=In (e* + e’ - 1), valid for all real numbers.
9, jiz dy=[-2x dx
y—y_1 =—x*+C
i =1+C

25
Cc=3

1
y=———, valid for all real numbers.
x“+3

o b _4ynx
X

=J4lnx dx

dx
i

u=In x

X

1
du=— dx

X

2\/;=I4u du

2fy=24+C
y=(n x)*+C
1=(n e)+C
C=0

y=(ln x)4, valid on the interval (0, co).
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11. y() = ype Doubling time:

y([) — 100815[ A([) = Aoe”
1200 = 600¢%52%
ki
12. y(1) = y,e* 5 = 005251
_ —0.5¢ -
¥(1) =200e In2=0.0525¢
- kt In2
13. ¥ =y,e t= n =~13.2 years
3(1) = 506" 0.0525
y(5)=100= 50> 18. Annual rate:
2=¢% A(t) = Aye”
In2 = 5k 10,405.37 = 120030
k=021In2 s " 104.0537 5,
Solution : y() = 50¢'%* " or y(1) = 50 « 2°* 2 ¢
14 y(0)=yye” In % =30r
_ kt
y(1)=60e o o 1, 104.0537 0.072=7 2%
_ _ =—In—=0. =/1.2%
y(101)—30—60e 30 12
5 = 10k Doubling time:
1 A = Age”
In 5 =10k 2400 = 1200e%072
_ 0.072t
k=01ln+=-0.1mn2 2=e
B In2=0.072¢
Solution: y(r) = 60e~ 1" or y(r) =60 « 2710 o2 o
= =9, ears
15. Doubling time: 0.072 Y
A= Aye” 19. (a) Annually:
2000 = 1000¢%98¢ 2=1.0475'
2 = Q00860 In2=¢In1.0475
—o. In2
In2=0.086 t=— 1% 14.94 years
L In2 ~8.06 yr In1.0475
0.086
Amount in 30 years: (b) Monthly: 12
t
A =1000£0930 _$13,197.14 2:(”0'?‘;75)
16. Annual rate:
A= A" In2=12¢1In (1+0'0475)
— %0
4000 = 20001
5 ¢ t= In 2 ~14.62 years
2=¢ 121 (14 00475
In2=15r f 12
In2
r=-l =0.0462=462% (¢) Quarterly:
4t
Amount in 30 years: 2=(1+ 0'0475)
A = Age” In2=4s1 1(?11875
_ [(In 2)/15K30) pe=atint.
A—2000€21n2 z—L~l4 68 years
=2000e ) 41n1.011875 o0
=2000 « 2
_ $8000 (d) Continuously:
- 2= 60‘0475t
17. Initial deposit: ) In2=0.0475¢
A() = Age In2
t= ~14.59
2808.44 = A (00525X30) 0.0475 yeus
_ 2898.44

0= W =~ $600.00

289
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20. (a) Annually:

2=1.0825"
In 2=t In 1.0825
In 2

f=———
In 1.0825
(b) Monthly:

12¢
a=(1+ 0.0825
12

=8.74 years

In2=12t1n (1+0'?§25)

In 2
0.0825

=
121n(1+

) = §8.43 years

(¢) Quarterly:

4t
2=(1+ 0.0825)
4

In2=4t1n1.020625
In2

t=——
41n1.020625

=8.49 years

(d) Continuously:
9 = (008251

In2=0.0825¢
. In2
0.0825

= 8.40 years
21. @ _ —0.0077y
dt

| % dy=[-0.0077 dt

In y=-0.0077¢
L _In/2)

=——-=090 years
-0.0077

dy
22. —=k
dt Y

jé dy= [k dr
In y=kt

1
n (1/2) —k
65
k=0.01067
23. (a) Since there are 48 half-hour doubling times in 24 hours,
there will be 248 ~2.8x10'* bacteria.

(b) The bacteria reproduce fast enough that even if many
are destroyed there are still enough left to make the
person sick.

24. Using y = yoek’, we have 10,000 = yoe3k and
40,000 _ y,e™

10,000y e’

40,000 = yOeSk. Hence which gives

e = 4,0r k=1In 2. Solving 10,000 = yoe3'" 2, we have
¥o =1250. There were 1250 bacteria initially. We could

solve this more quickly by noticing that the population

increased by a factor of 4, i.e. doubled twice, in 2 hrs, so the
doubling time is 1 hr. Thus in 3 hrs the population would
have doubled 3 times, so the initial population was

10000_ ¢,
25. 0.9=¢"1¥
1n0.9=—0.18¢
__In 09 585 days
0.18
26. (a) Half-life= "2 = 112 _ 138 6 days
kK 0.005

(b)  0.05=¢0"

In 0.05=-0.005¢
_In 0.05
~0.005

The sample will be useful for about 599 days.

~599.15 days

27. Since y, = y(0) = 2, we have:

y= 2eM
5=2¢4
In 5=In 2+2k

_In5-In2

k =0.51In25

0.5In2.5)¢ 0.4581¢

Function: y =2e or y=2e

28. Since y, = y(0) = 1.1, we have:
y=1.lekt
3=1.1e0
In3=In 1.1-3k
kzé(ln 1.1-1In 3)

(In 1.1-1n 3)/3 —0.3344¢

Function: y=1.1e ory=1.le

. 3 S
29. Attime t = P the amount remaining is

Yo ¥ = ype G0 = y e = 0.0499y,. This is less than 5%

of the original amount, which means that over 95% has
decayed already.

30. T-T,=(T,~T,) e
35-65=(T, - 65) X
50-65= (T, - 65)e*2?
Dividing the first equation by the second, we have:
9 = 10k

k=L1n2
10

Substituting back into the first equation, we have:
-30= (To — 65)e"[(1“ 2)/101(10)

1
-30= (T, -65) ~
o)
~60 =T, 65
5=T,

The beam’s initial temperature is 5°F.



31. (a) First, we find the value of k.
T-T,=(T,~T)e"
60 —20 = (90 — 20) ¢~ KNI

4 — 10k
7
k

When the soup cools to 35°, we have:

35-20=(90- 20)6[(1/10) In @/7)]t
15 = 70K1/10) In @/7)k

It takes a total of about 27.53 minutes, which is an
additional 17.53 minutes after the first 10 minutes.

(b) Using the same value of k as in part (a), we have:

T-T,=(T,-T,)e ™

35— (_15) — [90 _ (—l 5)]6[(1/]0) In @&/t
50 = 1056[(1/10) In (@4/7)]t

10 1 4
In—=|—1In— |t
21 (10 7)
10 In 10
21
1n(i)
7

It takes about 13.26 minutes

=

32. First, we find the value of k.
Taking “right now” as t=0, 60° above room temperature
means 7y — T = 60. Thus, we have
T-T,=(T,~T)e "
70 = 6020

Z:ezok

6

kzilnz
20 6

(@) T—T,=(T,~T) ek = 60 20IMTI6XIS) _ 53 45
It will be about 53.45°C above room temperature.
(b) T-T, =(I,~T,) oM — 60e-(1120I(T/6X120) _ 53 g
It will be about 23.79° above room temperature.
(© T-T, =(T,-T)e™
10 = 60~ (V201n (/6)1

_ 201n (1/6)
In (7/6)
It will take about 232.47 min or 3.9 hr.

=~232.47 min
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33.(a) T-T, =79.47(0.932)'
(b) T=10+79.47(0.932)'

[0, 35] by [0, 90]

(c) Solving T=12 and using the exact values from the
regression equation, we obtainz = 52.5 sec.

(d) Substituting t=0 into the equation we found in part
(b), the temperature was approximately 89.47°C.

34. (a) Newton’s Law of Cooling predicts that the difference
between the probe temperature (7") and the surrounding
temperature (7y) is an exponential function of time,
but in this case 7; =0, so T is an exponential function of
time.

(b) T=79.96x0.9273

[0, 40] by [0, 86]
(¢) At about 37 seconds.

(d) 76.96°C
35.Usek = In 2 (see Example 3).
5700
e M =0.445
—kt =1n 0.445
__ In 0.445 __ 57001n 0.445 ~ 6658 years
k In2
Crater Lake is about 6658 years old.
36. Use k = In 2 (see Example 3).
5700
(@) e =017
—kt=1n 0.17
:_ln 0.17 :_5700 In 0.17 ~14,571 years
k In 2
The animal died about 14,571 years before A.D. 2000, in
12,571 B.C.
(b) e =0.18
—kt=1In 0.18
__ln 0.18 :_5700 In0.18 ~14,101 years
k In2
The animal died about 14,101 years before A.D. 2000, in
12,101 B.C.
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36. Continued

() e¥=0.16
—kt=In0.16
In0.16  57001n0.16
ko In 2
The animal died about 15,070 years before A.D. 2000, in
13,070 B.C.

=15,070 years

37. 1=e_k'
3
k= In(1/3) 022

_ In(1/2)

=3.15ye
~0.22 year

38.3=¢"
In (3)
r =
10
4=c"
_In(4)
0.11

=0.11

=12.62 years

39. y= yoefk’

800 = 1000¢~*X10
0.8 =710
n0.8

k=-
10
Att=10+14=24h:

y= 1000~ ("1 0-8/10)24
=1000¢>* 0% < 585.4 kg
About 585.4 kg will remain.

40. 02=¢0V
In 0.2 =-0.1t
t=-10 In 0.2=16.09 yr

It will take about 16.09 years.
dp
41.(a) —=k
(a) P

d—pzkdh
p

d
[ = [k an
p
In|p|=kh+C
P e
‘p‘ — eCekh
p= At
Initial condition: p = p, when h=0
Py = Ae
A= Do

Solution: p = poekh

Using the given altitude-pressure data, we

have p, =1013 millibars, so:

p=1013"
90 =1013e*X20
90 :eZOk
1013
= %m% ~—0.121km™"

Thus, we have p = 10130121

(b) At 50 km, the pressure is

10136200 (01013)50) _ 5 3g3 - ilibars.

(¢©) 900=1013¢"
900 _ i
1013

o1y, 900 _ 201 (900/1013)
k1013 In(90/1013)

The pressure is 900 millibars at an altitude of about
0.977 km.

=0.977 km

42. By the Law of Exponential Change, y = 100 % At r=1
hour, the amount remaining will be

100e %M = 54.88 grams.
43. (a) By the Law of Exponential Change, the solution is
V= Voef(1/4o>z_
(b) 0.1=¢ 40"

In 0.1=——
40

t=-401n0.1=92.1 sec
It will take about 92.1 seconds.
4. (a) A(t) = Aoe’

It grows by a factor of e each year.

(b)3=¢'
In3=¢
It will take In3=1.1 yr.

(c) In one year your account grows from A to Age, so you

can earn Age— Ay, or (¢e—1) times your initial amount.
This represents an increase of about 172%.

45.(a) 90="M

In90 =100r
1
r=1090 6045 or 4.5%
100
(b) 131=¢"X1
n131=100r
316 049 or 4.9%
100



46. (a) 2y, = yOe”

2=¢"
In2=rt
In2
t=—>
r

)

[0. 0.1] by [0. 100]

(¢) In2=0.69, so the doubling time is @ which is almost
r

the same as the rules.

2
(d)75—0 =14 years or 7?: 14.4 years

(e) 3y, =ype"”

3=¢"
In3=rt
In3
t=—>
-
Since In3 =1.099, a suitable rule is 108 or @
r i
(We choose 108 instead of 110 because 108 has more

factors.)

47. False. The correct solution is|y| = ek+C, which can be
written (with anew C) asy = Ce™.

48. True. The differential equation is solved by an exponential
equation that can be written in any base. Note that

Ce¥ = c(3"’) when k =2/ (In3).

49.D. A(r)=Aye"

2=1¢"
r=12 099
7
LG R
0.099

1 tlr
50.C. A=A, (2)

1\
1-100( 1]
2

In(01) = %m (5)

199 In(5) _
" (0D
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52.B. T—-68=(425—-68)¢™
195 = 68 +357¢ 0%

02127356
357
k=930 _ 1344
-30
100 = 68+ 357003441
100-68
Inl 7357
t=—>"" 7 = 70min
-0.0344
70-30=140

53. (a) Since acceleration is ? we have Force = m% =—kv.
1 1

(b) From mﬂ =—kv we get ﬂ = —£ v, which is the
dt dt m

differential equation for exponential growth modeled by
v=Ce ¥™" Sincev= v, at =0, it follows
that C=;,.

(¢) In each case, we would solve 2 = ¢~ */m) [f k is
constant, an increase in m would require an increase in .
The object of larger mass takes longer to slow down.
Alternatively, one can consider the equation

% = _k v to see that v changes more slowly for larger
t m

values of m.

54. (@) (1) = [vge™"dr =0T C

Initial condition: s(0)=0

vom
0=—""-4+C
k
YW _ o
k
S([):_Me—(k/m)t_*_%
_ VoM, —(kim
Tk (1 ¢ )
AN/ v.m
b) lim s(¢) = lim -2— (1 — ¢~ */mr) = 207"
(b) lim s(1) [Lngk( e ) p
Vol?t . .
55. T = coasting distance
0.80X49.90) _, )
=98
33
998 20

We know that Do _ 1.32 and £=7——.
k m 33(49.9) 33

Using Equation 3, we have:
_ VoM. _(kimx

s(t)= . (1 e )
=1.32(1-¢7"")
~1.32(1- 05"}
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55. Continued
A graph of the model is shown superimposed on a graph
of the data.

[0.4.7] by [0, 1.4]
Voin . .
56. —— =coasting distance

(0.86)(30.84) ~0.97

k=~27.343
S(l) — %(l _ ef(k/m)t)

S(Z) - 0.97(1 _ e—(27.343/30.84)1)
$(7)=0.97(1— ¢ 7088661y

A graph of the model is shown superimposed on a graph
of the data.

[0, 3] by [0, 1]

57.(a) X Y
)
X

10 2.5937

100 2.7048

1000 2.7169

10,000 2.7181

100,000 2.7183

e=2.7183

Graphical support:

1 X
(1) e

-

[0, 50] by [0, 4]
(b) r=2
X
X (1+2)
X
10 6.1917
100  7.2446
1000 7.3743

10,000  7.3876
100,000  7.3889

e? =7.389

Graphical support:

2\ )
ne(13) e

=

[0, 500] by [0, 10]

r=0.5
X
X (1+0'5)
X
10 1.6289
100 1.6467
1000 1.6485

10,000 1.6487
100,000 1.6487

" =1.6487
Graphical support:

05)
y(lj =

[0, 10] by [0, 3]

(c) As we compound more times, the increment of time
between compounding approaches 0. Continuous
compounding is based on an instantaneous rate of
change which is a limit of average rates as the increment
in time approaches 0.

58. (a) To simplify calculations somewhat, we may write:
at _ _—at at
o=
k ell + e*ll ell
B % e2ar -1
V ke 41
_ |mg @ +1-2
k  e*4]

mg 2
== 1-
k 2 +1
The left side of the differential equation is:
md =, "8 (2)e2 +1) 2 (2>
dt k
= 4ma /%(62‘” +1)72 (>
—4m fé;k @(ezaz+1)—z(ezar)
m\ k

_ 4mgez‘”
(eZat + 1)2




58. Continued

The right side of the differential equation is:

mg 2 :
—kvi=mg—k| == | 1-
a1 Oy

2
2
:mg[l—(l—eZat +1) ]

=mg|1-1+

4 4 )
4> +1)—4
(eZat + 1)2
_4mg
- ( I ])2
Since the left and right sides are equal, the differential
equation is satisfied.

0 0
And v(0) =, /% €5 =0, 50 the initial condition is

e te

also satisfied.
at _ —at —at
(b) limv(r)=lim| |28 £ ~¢ ¢
f—so0 =00 k ¥ 4e79 @
_ ,2at
— lim| [ 1=¢
P R T
_ /@ 1=0)_ |me
k \1+0 k
The limiting velocity is 1/%
160
(c) fﬁ =1/7 =179 ft/sec
k 0.005

The limiting velocity is about 179 ft/sec,
or about 122 mi/hr.

Section 6.5 Logistic Growth (pp. 362-376)

Exploration 1 Exponential Growth Revisited
1. 100(2)" = 409600

2. 100(2)"** =4.97x10%

3. No. This number is much larger than the estimated number
of atoms.

4. 500,000 =100(2)"

1083000 _ 15 29 houss
log?2

Exploration 2 Learning From the
Differential Equation
1. Z—p will be close to zero when P is close to M.
t

2. P is half the value of M at its vertex.
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3. The graph begins a downward trend at half the carrying
capacity, causing a decline in growth rates.

4. When the initial population is less than M, the initial growth
rate is positive.

5. When the initial population is more than M, the initial
growth rate is negative.

6. When the initial population is equal to M, the growth rate is
at a maximum.

7. lim P(t) = M. lim P(¢) depends only on M.
1—>00

100

Quick Review 6.5

1 x—1] x?
2

X —X

X
x—1

3% +x-2 |2 +x+1

2+x-2
3

x=5
-5
5. (=0, )

X+

6. lim f(x)=76?_0 =) =60
xe 1+5¢

7. lim f(x)= 60

— -0
e 145 01D

60

- ¥(0)= 145 o010) =10

9. From problems 6 and 7, the two horizontal asymptotes are
y=0and y=60.
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2x
7. x2—4)25°
2% —8x
8x
8x
X 2x+ dx
()
Section 6.5 Exercises u=x2-4
1. A(x—4)+B(x)=x-12 du=2x dx
x=4, 4B=-8 x2+4.[@=x2+41n u+C
B:_Z 2 u2 4
x=1, Al=4)+ (=2 ) =1-12 =32 +In(x2=4* +C
A=3 1
2 2
2. A(x—2)+B(x+3)=2x+16 8. x —9))62—6
x=2, B2+3)=2(2)+16 x -9
5B=20 3
B=4
1+ d.
x=-3, A(-3-2)=2(=3)+16 f 29"
—34=10 e [A B
A=-2 x+3 x-3

A(x-3)+B(x+3)=3

3. A(x+5)+B(x-2)=16—x v=3 B3+3)=3

X=—5, B(—5—2)=16—(—5) B=1/2
—7B=21 x=-3,A(-3-3)=3
B=-3 A=-1/2
x=2,A2+5)=16-2 -1/2 1/2
7414 et
A=2 -3
=x+In +C
4. A(x+3)+B(x-3)=3 x+3
x=-3, B(-3-3)=3 dx 1
—6B=3 9. 2Jx2+1=2tan x+C
B=-1/2 4
x=3,AB3+3)=3 10. 2J' 2x =2tan_1(x)+c
6A=3 x“+9 3
A=1/2
11. J‘%dx
5. See problem 1. 2x"-5x-3
x-12 3. -2 A B _,
Ixz_4dxzf(x+x_4de 241 x-3
=3 1In ‘x‘—2 In (x—-4)+C A(x=3)+B2x+1)=7
\ x=3, B2R)+1)=17
), B=1
=In -2y + x=-1/2, A(-1/2-3)=7
A=-2
6. See problem 2. J‘( —2 " 1 )dx
2x+16 -2 4 2x+1 x-3
[ 210 (2t
X +x-6 x+3 x-2 nn x—3 ic
=—21In (x+3)+41In (x-2)+C o L2x+l

4
—m | 922 e
(x+3)°



12

13.

14.

3x"—5x-3

4 B s

3x-2 x-1

Ax-1)+B(3x—-2)=1-3x

x=1, B@BM)-2)=1-3()
B=-2

=2 al2o1]=1-32
3 3 3

=InB3x—-2)-2In(x-1)+C
3x-2

=lr{ 2)+C
(x=1

I 8x—17
2x>—x-3
A B

—+
x+1 2x-3
ARx-3)+B(x+1)=8x-7

=8x—-7

x=2, B[ 211]=g(2]-7
2 2 2

Sp=5
2
B=2
x=-1, AQRx-3)=8x-7
A(-2-3)=8-7
-5A=-15
A=3

J. 3 + 2 dx
x+1 2x-3

=3Injx+1+m[2x-3[+C

=in(+1P120-3)+C

15x+14
x2+7x
A+i=5x+14
x x+7
A(x+7)+Bx=5x+14
x=-7, =7TB=5(-7)+14
-7B=-21
B=3
x=0, A(0+7)=5(0)+14
TA=14
A=2

J.(2+ 3 )dx

x x+7
=2Inx+3In(x+7)+C
:ln(xz‘x+7‘3)+C

dx

15.

16.

17.

Section 6.5

J.dy - ‘[ xzzx—_26x o

A B
—+
X x-—
A(x—2)+Bx=2x-6
x=2, 2B=2(2)-6
2B=-2
B=-1
x=0,A(0-2)=2(0)-06
-2A=-6
A=3

f(i+ x__12 ) dx

y=3In|x|-In|x-2/+C
3
T ic

x—-2

J.du '[x

A B
x+1 x-1

Ax—-1)+B(x+1)=2

x=1, B(1+1)=2

2B=2

B=1

x=-1, A-1-1)=2

—-2A=2

A=-1

_J(x+1 x—1)dx

u=-In \x+1\+1n\x—1\+c

=2x—6

y=In

=2

—ln +C

x+1

A B C

+
x x+1 x-1
Ax+D)x=D+Bx(x—1D)+Cx(x+1)=2
x=1, 2C=2

Cc=1
x=-=1, 2B=2
B=1
x=0, —A 2

—+— dx
( x+1 —1)

()==2Inx+In|x+1+In|x-1+C

F(x)=In @ +C
X

297
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3
18. [G'(di= 2

2
£-r)2r
203 -2t
2t

=Iz+f—tdt
r—t

At+1)+Bt—1)=
t=-1, B(-1-1)=2
—2B=2
B=-1
t=1, Al+1)=2
24=2

A=1

1
G(1) = 2r+j((t_1) (Hl))dt

=2r—Inft—1/+Inft+1+C

+1
=2t+In t—+C

19. szzf4 dx

u=x*-4
du=2x dx

J%zlnu+€zln‘x2—4‘+c

20. ffxidx
2x°=3x+1
u=2x>-3x+1
du=(4x-3)dx

I%zlnu+c

=ln‘2x2—3x+l‘+c

2 —
21. j%“dx

x“—x
1

= x|xt+x-1
xr—x

2x—1

J.(1+ zf_l)dx
x°—x

u=x>-x

du=Q2x-1)dx

x+J.@=x+lnu+C
u

=x1n‘x2—x‘+C

2x°
2. | Sob
2x
x2—1)2x°
2x% = 2x
2x

J.(Zx+ 22x )dx
x -1

u=x>-1
du=2x dx

du
x*+ J.T
=x*+lhu+C
= x? +ln‘)c2 —1‘+C
23. (a) 200 individuals.
(b) 100 individuals.

(c) =0.006(100)(200-100)

dP(100)
dt
=60 individuals per year.

24. (a) 700 individuals.
(b) 350 individuals.

(© @ =0.0008(350)(700 —350)

=98 individuals per year.
25. (a) 1200 individuals.
(b) 600 individuals.
P
(c) @ =0.0002(600)(1200 - 600)
=72 individuals per year.
26. (a) 5000 individuals.
(b) 2500 individuals.
dP(2500)

It =107°(2500)(5000 — 2500)

=62.5 individuals per year.

(c)

27. (Z—f =.006 P(200-P)

Ip(zoo » j.006dt

A, B
P 200-pP"
AQ200-P)+ BP=1
P =200, 200B=1
B=0.005
P=0,A200-0)=1
200A=1
A=0.005

I(o.ooer 0.005 )dP:0.006t

P 200-P

ji+ L ap=12s
P 200-P

InP-In(200-P)=1.2t+C



27. Continued
In (W):—l 2t—C
P

@_1: e—lAZI e ¢

@:1+e—1.21 ¢

200 _ -
14120 e

[-1, 7] by [0, 200]

28. 2—P =0.0008 P(700—-P)

jdip = j 0.0008 dt
P(700— P)

A B

A, _

P 700—P
A(700—P)+BP =1
P=700, 700B=1

B=0.0014
P=0,  A®700-0)=1
A=0.0014
| 0.0014 00014 1 oo
P 700-P

jl+ L )ap=0s6r
P 700—P
In P—1n (700 — P) = 0.56t + C
700— P
In
(2

) =-0.56t-C

@_1284)561 o c

700 _ |4 00561 ¢

@: 14 ¢~056(0) ,—¢
10
< =69
1700
1469 705

b T B T
v rrrrrrr s
A

S S
R,

£
£
£L
A
by
e

-

L2
L
£
el
o
s
=

i A

[-1, 15] by [0, 700]
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29. %—0000219(1200 P)
I dpP
P(1200-P)
A B
A, B _
P 1200-P
A(1200-P)+BP=1
P=1200, 1200B=1

= jo.oooz dt

B =0.00083
P=0,A(1200-0)=1
1200 A=1
A =0.00083
I( 0.00083 0.00083) P = 0.00001
P 700— P

| Lo U \ap-o24
P 1200-P

In P—1n (1200- P)=0.241+C
(1200-10

In| ——

P

1200 | oo

1200 | 0w e

)=—0.24t—C

1200 2o
20
=59
1200

p=——"""
1459 024

[ ———
et
Rt
JI//JI//} PSS

FABLL LB L LIS
'I/z";"/// SLLEES
FELLI LS IS
Y #rr s e e
ittt

D o e

[-1, 30] by [0, 1200]

30. ‘;—P =107 P(5000- P)
J dpP
P(5000-P)
A B
P5000-P
A(5000-P)+BP=1
P =5000, 5000B=1
B =0.0002
P=0, A(5000-0)=1
5000 A=1
A=0.0002

f( 0.0002 , 0.0002

j10*5 dt

—= laP=10"¢
P 5000-P

j 1o U apzos:
P 5000-P

299
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30. Continued
In P—1In(5000—P)=0.5:+C
In (SOOO'PJ =-05¢-C
P
5000 | _ 050

5000 _ o e

5000 _ . 050 e

50
e ‘=99

~ 5000

1499 ¢ 705

Lo o™ o P -
R el Aot
PPy Oy yys
FEEPIIINI I AL P 0 S
IRV FE NSy
I PN Y SNy
IR PN BN
Ry A R asd
Rl Rl R et
T e A e A

[-1, 200] by [0, 5000]

1000
31.(a) P = L4807

_ 1000
- 14 *8-07t
M
1+ AcH
This is a logistic growth model with k= 0.7 and

M = 1000.
1
000 _

118
Initially there are 8 rabbits.

200
32. (a) P(t) = HeT

200
'

B 1+e>%e”
M

T 1+AcTH
This is a logistic growth model with k=1 and M = 200.

200
b) P(0)= —— =
b PO)=="5

() P(0)=

1
Initially 1 student has the measles.
P
33.(a) Z—t =0.0015P(150—-P)

= 0225 150 p)
150
k
=—P(M-P
;i ( )
Thus, k =0.225and M =150.
M

1+ Ae™™
150

= 1+ Ag-02250

P=

Initial condition: P(0)=6
_ 150
1+ A’
1+A=25
A=24

150
1+ 246—0.225t
_ 150
- 1+ 24702251

1+ 24e—OA225t —

Formula: P =

(b) 100

246_0'225t —

N =W

o025t _ L

48
~0.225t=—1In 48

_ 48 721 weeks
0.225

_ 150
- 1+ 24702251

1+ 246—02251 —

125

.225
246_022 r_

| — | O\

/02251 _ B
120
—0.225t=-In 120

‘= In120

0225

It will take about 17.21 weeks to reach 100 guppies, and
about 21.28 weeks to reach 125 guppies.

=~21.28

34. (a) % = 0.0004P(250 — P)
=2 paso-p)
250

k
=—PM-P
M ( )
Thus, k=0.1and M =250.
M

C1+AeM
250
1+ Ae O
Initial condition: P(0) = 28,where ¢ = 0 represents
the year 1970.

28 250
1+ Ae°
28(1+ A) =250
A=@—1=£:7.9286
28 14
250
Formula:P(t) = ———————, or approximately
1+111e7""/14
250
P(ty=————
1+7.9286¢



34. Continued

(b) The population P(¢) will round to 250 when
P(1)>249.5.
250

1+111e7 % /14
—0.1z
249‘5(1+“112J =250

(249.5)111e7%1)
14

249.5=

=05

e—OAlt — 14
55,389

—0.1t=In

55,389
t=10(n55,389—-1In14) = 82.8

It will take about 83 years.

3s. d—szP(M—P)
dt
jdiquw
P(M - P)
Q.f_L:l
P M-P
RP+Q(M-P)=1

P=0,MQO=1

1 1
5+ dP = Mkt +C
P (M-P)
M-P
1 ( Jz—Mkt—C
P
M | = o~ Mt ,~C
P
Mo etig
P
M
P=
1+ Ae™ ™M

36. (a) dap _ k(M - P)
dt

dip:'[kdt
M-P
“In(M-P)=ki +C
M-P=¢"¢*
e‘=A
P=M-Ae™

(b) imP()=M-Ae ™ =M
t—o0
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(¢c) Whenr=0.

(d) This curve has no inflection point. If the initial
population is greater than M, the curve is always
concave up and approaches y = M asymptotically from
above. If the initial population is smaller than M, the
curve is always concave down and approaches y =M
asymptotically from below.

37. (a) The regression equation is
2327399
1+14.582¢ 710"

4

[-5, 70] by [-24000, 260000]

232739.9
1+14.582¢70101=)

232739.9

©P=—""—"""50
1+14.582¢70101

14.580,-0-101 _ 2327399
' 225,000

e 101 = 0024

_ —6.05

~-0.101

(b) P(0) = =~ 232,740 people.

t =60 or 2010.

(d) Z—f =kP(M — P)=(4.352x107")P(232739.9— P).

38. (a) The regression equation is
_ 458791.8
1+18.771e '

458791.8
1+18.771e 7113

458791.8
1+18.771 70113
458791.8
450,000
e 11 =0.001
687
T 0113

(b) P()= ~ 458,792
(c) P=

18.771e7 0113 =

t = 60 or 2010.

(d) Z—f =kP(M — P) = (2.4626x1077)P(458791.8 - P)

39. False. It does look exponential, but it resembles the solution

to Z—f =kP(100-10) = (90k)P.
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40. True. The graph will be a logistic curve with P_100=1200A¢" %12 _ g pp!1kt/12

th_)rgP(t)— 100 and hm P()=0. P(1+ Ae' 8712y 21200 A¢! 812 4100
600 1200412 1100
41.D. T_3()0 1+ Ael K712
12004¢” +100
dy(e) 0.9 © 300 =~
42. B. = S 0.9 1+ Ae
- 1+d5e 300(1+ A) = 12004 +100
(1.0-09)100=10% 300—100= 12004 —300A
3 3 200=900A
43.D. [ ————dx 2
2 (x—I)x+2) A=2
AL B iy 12002792 100
x—1 x+2 (0= 14(2/9)¢' 1412
At 2t Bl =3 12002)¢' 12 +100(9)
¥=-2, B(2-D=3 P = : 1lke/12
-3B=3 9+2e
11ki/12
B=-1 P(1) = 300(8¢e +3)
x=1, A(l+2)=3 04 2! 1Kt/12
3A=3 ()
A=1 CICgETIIoCC
f 1 -1 AL L LLooLs
7"' dx P F R
-1 x+2 e
S | -ttt R =00
= ( ) ( ) [0, 75] by [0, 1500]
x+2 Note that the slope field is given by
P 1
44.B. 4P _ 01 1500 pxp—100).
P dt 1200
. i = P
45. (a) Note that k> 0 and M > 0, so the sign of " is the (@) LjTt —(M PYP—m)
sameas the sign of (M— P)(P—m). For m < P < M, both
. . " M dp
M- P and P— mare positive, so the product is positive. -_— =
For P< mor P> M, the expressions M — P and P —m (M —PYXP—m) dt
M M—-m dapP _

have opposite signs, so the product is negative.

(b) d—Pzi(M—P)(P—m)
dt

M—m(M—PYXP-m) dt
(P-m)+(M-P)dP _M-m
(M=PXP-m) dt M

1 1 \dP M-m
+ = k
(M—P P—m)dz M

P _ K 1200- PYP—100)
dr 1200
1200 dP
(1200 - PXP—100) dr
1100 dp 11

(1200— PXP—100) df 12
(P=100)+(1200-P)dP 11
(1200— PXP—100) dr 12

1 1 e 1
1200—-P P-100)dt 12

1 1
J(1200—P+P—100)dp Iikd’

J.(M]_P+Pim)dP:'fMA;mkdz

—In|M - P|+In|P—m|=
P—-m
M-P|

In

P33
E

-P
m

M-P

v

_M-m

kt+C
M

=4te C (M m)ktIM

— Ae(M—m)kt/M

P—m= (M- P)AeM kM

—~In[1200 - P|+In|P - 100| = Ekr+c P14 AR _ g Oomiat

P—-100 11 (M—m)ktIM
n———=—k+C p= AMe +m
1200—-P| 12 1+ AeM-mkiiM
71) 100 = 4C ! 1k/N2 P(O)_AMeO+m_AM+m
1200- P = 0 -
1+ Ae 1+A
P—100 — Aotk

1200-P



45. Continued
©)  POY1+A)=AM+m
A(P(0)—M)=m—P(0)
_m—=P0O) _ PO)-m
P(O)-M M-P(0)
Therefore, the solution to the differential equation is
AMe(M—m)kt/M P(O)—m

P=—————— where A= .
1+ AeMmmkiM M —P(0)

46. (a) 1tan_l(x)+C
a a

x+a

+C

(b) ziln

a X—a

+C

(c) -

x+a
15
47.(a) Shnfx+3+——+C
x+3

PO R
x+3 2(x+3)

48. (a) This is true since
A B C _ Ax-D*+B(x-1)+C

PSRN (x—1?

(b) Ax-1D*+B(x-1)+C=x*>+3x+5
x=0, A-B+C=5
x=1, C=9
x=2, -2A+B=3
A=1
1-B+9=5
B=5

(© ln‘x—l‘—i—%+C
x=1 2(x-1)
Quick Quiz
1.C.

2.C.

dx
A I(x—l)(x+3)
A B

+ =
x—1 x+3
A(x+3)+B(x-1)=1
x=-3, —4B=1
B=-1/4
x=1, 4A=1
A=1/4

/4 -1/4
[EAN=TE
(x—l x+3)

4

x 1
x+3

—J+C
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4 dap _P(10-P
) dr 5\ 10

I10(10 P)_ISO
B

4, B

P l0-P

A(0—P)+BP =1

P=10, 10B=1

B=0.1
P=0, 10A=1
A=0.1
I£+ 0.1 dP=Lt+C
P 10-P 50
10-P
In 0 =-1/5t-C
10
P_1+671/5t67c
10
PO=3= 1+ Ae PO
A=2.33
10
limP(t)=————=
AP 2337
10
(b) P(0)=20= 71+Ae’1/5(0)
A=5.66
10
limP(t)=——-—=10
ARPO=10S 66e 750

(c) Separate the variables.

Y I g
y s 10

2

mr=S-L ¢
5 100

Y = Ce''5 21100 where C = ¢€1

3=C® =C=3

y = 3ez/5—z2/100

P t/5 3 t/5
(@ lim3¢"> 1 = lim = — =lim > =
P >0 12/100 Hw( z/s)’
e e

Chapter 6 Review Exercises

3
1. I: sec2 0 a’9=tan9]§l3 = tan%— tan0 = \/5

2 1 1 §
2. I x+— |dx=|=x>—x7"
1 x2 2 .
1 1 1
(303 3)

303



304 Chapter 6 Review

3. Letu=2x+1
du=2dx

ldu=cbc
2

1 3
| 36 Sdx=18] J;du
02x+1) 1y’

4. Let u=1-x>
du=-2xdx
—du=2xdx

1 . 2 0.
JlIszm(l—x )dx= —JO sinudu=0

5. Let u=sinx

du=cosxdx

/2 1
.[o 5sin¥? xcosx dx = f05u3/2 du

1

=5 _gus/z
5 0
=2(1-0)
=2
2
4 x“+3x 4
hz . ¢h=Ln@+$dﬂx¢m

. 4
= (xz + 3x):|
2 12

1 1(1
= (2(16)+3(4))—(2( +

4

=20- 1+B
8 8
:20—E
8
147

8

7. Letu=tanx

du = sec® xdx

/4 1
J.o " sec? xdx = Jo e du

8. Letu=Inr
1

du=—dr
r

ji o

L or

1
dr= _‘.0”1/2 du

1
_2 W2
3 o

=-(1-0)

W W[

1 X
9, | ———dx
J.Oxz +5x+6
X
(x+3)x+2)
A B
=+ =
x+3 x+2
A(x+2)+B(x+3)=x
x=-2, B(-2+3)=-2

X

B=-2
x=-3, A(-3+2)=-3
-A=-3
A=3
i -2 dx
x+3 x+2
1 256
=In(x+3)’ —In(x+2)>| =In| =—
n(x+3)” —In(x )‘0 n(243J
22x+6
10. dx
I‘ x> =3x
2x+6
x(x-3)
A
— =2x+6
X x-—

Ax—-3)+Bx=2x+6
x=3, 3B=2(3)+6

B=4
x=0, AO0-3)=20)+6
-3A=6
A=-2
12;2+ dx
I x x-3

=-2Inx+4In(x-3) =612

11. Letu=2-sinx
du=—cosxdx
—du=cosxdx

J Ccos X dx:—_[idu

=—Injul+C
= —ln‘2—sinx‘+C

2—sinx



12. letu=3x+4
du=3dx

1
—du=dx
3

—
<
|
S
I8
<

de

3
U yc
2

Gx+HP+cC

13. Letu=>+5

du=2tdt
ldu:tdt
2
1¢1 1
J- tdt =7J.fdu:fln‘u‘+c
2+5 27u 2
1
:fln‘t2+5‘+C
2
=1mw+$+c
2
1
14. letu=—
0
1
du=—0—2d0

Jisecltanlde = —fsec utanu du
> 06 06

=-secu+C
1
=-sec—+C
0
15. Letu=Iny
duzldy
y
J.Mdy:_[tanudu
y .
:Jsmu du
cosu

Letw=cosu
dw=—sinudu

=—fldw
w
=—In|w|+C
= —ln‘cosu‘ +C
= —ln‘cos(ln y)‘ +C

Chapter 6 Review

16. Letu=¢"
du=e"dx
Ie" sec(e”)dx:jsec udu
= ln‘sec u+tan u‘+C

= ln‘sec(ex)+ tan(e*)|+C

17. Let wu=Inx

du=ldx
x
J' dx _ ldu
xInx u
=Infu|+C
=ln‘lnx‘+C
dt dt
18. IEZ t37
=jt’3’2dt
=-2"+C
=—i+C

Vi

305

19. Usetabular integration with f(x) = x*and gx)=cos x.

f(x) and its 2(x) and its
derivatives integrals

Cos x

sin x
—sin x

x (+)

32 }-

6x Qﬂ —COos X
6 K
0

Cos x

J.x3cosxdx

= x> sinx+3x2cosx —6xsinx —6cosx +C

20. Letu=Inx dv=x"dx
duzldx vzlx
X 5

Ix4 Inxdx = lx5 Inx— jlxs 1 dx
5 5

W
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21. Letu=¢**

dv=sinxdx

3
du=3e*dx v=-cosx

J.eh sinxdx = —¢°

Integrate by parts again

Letu = 3e™ dv=cosx

du=9¢> dx y=sinx

J.e3x sinxdx = —¢°

dx

i cosx+J3cosxe3x dx

¥ cosx +3e>F sinx —J9e3x sinxdx

10[63" sinxdx = —e** cosx+3e* sinx +C

1
J‘eh sinxdx = B[—e3’C cosx+3e> sinx]+C

_ 3sinx cosx JEIS
10

10
22. Let u=x2

dv=edx

du=2xdx y=——e ¥

1 2
J.xze_h dx=——x%e*+ fje_hxdx
3 3

Let u=x dv:eiaxdx
du=dx v:_le—h
:—1%26_3x+g —lxe_3x+1je_3xdx
3 31 3 3
= —lxze%x - gxe%x + %J‘e%x dx
3 9 9
=—1x2e’3x—3x 73x_£ef3x+c
3 9 27
2
= _L_zi_l —3x+C
3 9 27
25
23. dx
Ixz—zs
5
(x+5)x—-9)
A + B —95
x+5 x-5

A =5)+ B +5)=25
x=5 B(+5)=25
10B=25
B=5/2
x=-5, A(-5-5)=25
~10A=25
A=-5/2

-5/2 5/2

I + dx
x+5 x-5
5 |x=5

==In
2 |x+5

+C

2. | X2

2x%+x-1
Sx+2
Rx-1(x+1)
A +i:5x+2
2x—1 x+1
Ax+1D)+BRx—-1)=5x+2
x=-1, BQR(-1)-1)=5-1)+2
—-3B=-3
B=1

x:l, A l+1 =S 1 +2
2 2 2

3

2

W0

A=
I 3 +L dx
2x—1 x+1

=%1n‘(2x—1)3(x+1)3‘+C

dy x?

L=l

dx 2

2

X
dy=|1+x+— |d

xz
dy=|]1+x+— |d
Jyj x2x

y=x+ix2+lx3+c
2 6

y0)=C=1

3 2
|

Y76 T

Graphical support:

WA

AR
‘\:;

e

e
o e S e S e

AR RN

N

ARRRRYL

L

ERCCNCNEN N

L B T

L

EEEEEE

T

o

=
|



1 _
y=§x3+2x—x 'yc

y(l)=§+2—l+C=l
4

—+C=1
3
1
C=——
3
3
X 1 1
=—+2x———=
73 X 3
Graphical support:

y=I|t+4|+C
y=3)=IhD+C=2
Cc=2
y=In(t+4)+2
Graphical Support:

IARILRER 'R RY
LA LA LY
]

I
|
|
I

——
NN

R N
AR ARRE SR

[-4.5, 5] by [-2, 5]

28. ﬂ =csc260cot26
do

dy =csc20cot20d6
fdy= Icsc29cot29d0

29.

Chapter 6 Review

y:—%cs029+C

[0, 1.57] by [-5, 3]

A _, 1
dx x2

diy’) =(2x—lzjdx
x

, 1
jd(y):j(zx—xz)dx

y=x>+x"+C
y(h)=2+C=1

C=-1

y=x'+x"-1
jdsz.(x2+x_l—l)dx

y:%x3+lnx—x+C

y(l)=%+0—1+C=0

? 2
y=—+lnx—x+§

Graphical support:
3
X 2
Let f(x)=—+Inx—x+—.
Jx) 3 3

307

We firstshow the graphof y= f’(x) = x> +x™' =1, x>0,

1
along with theslopefieldfory’ = f”(x) =2x-—.
X

|
|
Y

_——

-~
e
v
v

=
|
|
Y
Y

s
1=

Lt

[N

AR R R
AR AN LAY
SO T WY
ARRY R YRRRY
AR RRE YRRY
OOV

[-0.5, 4.21] by [~

=]
k2

»
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29. Continued

30.

We now show the graph of y = f (x) along with the slope field
fory = f/(x)=x>+x"" - 1.

FLAEIERSN

d(r”)=—costdt
[ao") = [~costar
r”=—sint+C
r’(0)=C=-1

r” =—sint—1

Jaeh=[sint-1ar
r’=cost—t+C
PO)=1+C=—1
c=-2
r’=cost—t—2
[dr=[(ost—1-2)dr
2
r:sint—5—2t+C
r(0)=C=-1
2
r=sint———2t—1
2

Graphical support:
We first show the graph of y=r"=—sint—1

”

along with the slope field for y"=r"" = —cost.

AR

et

A E 1S
B3 REEY
f/ oy Ly
e
\\ AN
R R Y

|
|
™
~|
-
|
|
~
by

s
!

o [Ny

PR RSN VAR
N

—

(-3, 3]
Next, we show the graph of y=r"=cost—t-2
along with the slope field fory’ =r" =—sint—1.

TR
by ekt L
B A L e
LS N AN
BB P FR RIS
=]
AR UL T
A St b S
LN I NN
A e A5 TR Y
[—6,4] by [-3,3]

2
Finally we show the graphof y=r =sint— % -2t—1

along with the slope field fory’ =r"=cosr—1-2.

Lt BT T Y
- e

o

dy

3. D=yi2

32.

dx
dy
y+2

——Jd
y+2
ln‘y+2‘—x+C
y+2=Ce"
y=Ce* -2
y0)=C-2=2
C=4

y=4e* -2
Graphical support:

[-5, 5] by [-5, 20]
& =Qx+1)y+1)
dx

ﬂl =2x+1)dx

dy _
jy+1_j(2x+1)dx
In ‘y+1‘=x2+x+C

y+1=Ce* P

X+X 1

y=Ce
y-Hh=C-1=1
c=2

X+X 1

y=2e

Graphical support:

N
!
!
4
]
]
]

-
\

[-3, 3] by [-10, 40]
dy

33. Z=y(1-
i y(d-y)

N _ g

yd-y)
A B
=1
y 1=y
A(l-y)+By=1
y=1, B=1
y=0, A=1



33. Continued

34.

_[ —dy= fdt

1ny—1n\1 y=t+C

L =0.001y (100 - y)
dx

dy _
0.001y (100 —y)
A B
+ =
0.001y 100-y
A(100-y)+ B(0.001y)=1

y=100, B(1)=1
B=10
y=0, 100A=1
A=001
f( 001 10 )dy:x+C
0.001y 100-y

I 0.001 + ! dy=0.1x+C
0.001y  100—y

Iny—In[100-y|=0.1x+C
100—-y
y

@ 1= e—O.lxe—ﬂ

y

In =-0.1x-C

100

1+ Ae0lx

100
y(0)=5= 4010

1+
A=19
100

C14+19e701

3s. y:'[:sin3tdt+5

36. y=[ 141t dr+2
1
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39. Graph (b).
40. Graph (d).
41. Graph (c).
42. Graph (a).

43.
(x.y) %:xw—l Ax Ay:%Ax (x+Ax, y+Ay)
(1,1) 1.0 0.1 0.1 (1.1, 1.1)
(1.1, 1.1) 1.2 0.1 0.12 (1.2,1.22)
(1.2,1.22) 1.42 0.1 0.142 (1.3, 1.362)
y=1.362
44.
(x.y) %:x—y Ax Ay=%Ax (x+Ax, y+Ay)
(1,2) -1.0 -0.1 0.1 (0.9,2.1)
(0.9,2.1) -1.2 -0.1 0.12 (0.8,2.22)
(0.8,2.22) -1.42 -0.1 0.142 (0.7,2.362)
y=2.362

. ... sinx
45. We seek the graph of a function whose derivative is
X

- . sinx ..
Graph (b) is increasing on [—7,7], where 1s positive,

and oscillates slightly outside of this interval. This is the
correct choice, and this can be verified by graphing NINT

sin x
—,x,0,x|.
X
2

46. We seek the graph of a function whose derivative is e=*~.

Since e~+2 > 0 for all x, the desired graph is increasing for
all x. Thus, the only possibility is graph (d), and we may
verify that this is correct by graphing NINT (e~+2, x, 0, x).
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It took a total of about 107 minutes to cool from 220°F to
70°F. Therefore, the time to cool from 180°F to 70°F was

47. (iv) The given graph looks the graph of y = x%, which

satisfies ﬂ =2xand y(1)=1.
dx
48. Yes, y = x is a solution.
49. (a) L =246t
dt

jdvzf(zmz)dz

53.

about 92 minutes.

T-T,=(T,~T)e™

We have the system:
39-T, =(46-T,)e '
33-T, = (46-T,)e

v=21+3*+C Thus, S0~ 15 210710k gng 22 Ls  ,-20k
Initial condition: v=4 whent=0 46T, 46T,
4=0+C Since (e_mk)2 =¢72%  this means:
4=C 2
v=21+31"+4 (39—@) _33-1%

46-T,) 46-T,

(b) j; w(t) dt = j(: (1 +3¢% +4) dr

(39-T,)" =(33-T,)(46-T,)
1521-78T,+T> =1518 79T, + T

1
_[,2.3
_[z +1 +4z]0 T =-3
=6-0 The refrigerator temperature was —3°C.
=6
The particle moves 6 m. 54. Use the method of Example 3 in Section 6.4.
eM'=0.995
—kt =1n 0.995

55.

5700

t=—lln 0.995=- In 0.995=41.2
k In2

The painting is about 41.2 years old.

Use the method of Example 3 in Section 6.4.
Since 90% of the carbon-14 has decayed, 10% remains.

In2
51. (a) Halflife = “7 e =01
n2 —kt=1n 0.1
2.645=—~ ==t n01=-"%00.1-18,935
In2 k In2
k= 2.645 =0.262059 The charcoal sample is about 18.935 years old.
1 56. Use t =1988—-1924 =64 years.
(b) Meanlife:%z3.81593years 250 ¢ = 7500
52. T-T =(T,~T)e ™™ ¢" =30
4T s_(O_ s)e rt=1n30
T —40=(220-40)e" ,-n30 30 o o
Use the fact that 7 =180 and # =15 to find k. t 64 ’

180—40 = (220 — 40)e~ W1

The rate of appreciation is about 0.053, or 5.3%.

oI5k = 180 _ 9 57. Using the Law of Exponential Change in Section 6.4 with
140 7 appropriate changes of variables, the solution to the
k= 1 In 9 differential equation is L(x) = Lje—*r, where L, = L(0) is
15 7 the surface intensity. We know 0.5 = e-18k, so

T—-40= (220 _ 40)6_((1/15) In (9/7)t
70—40 = (220 — 40) (V19 O/
e((1/15) In (977 _ @ -6

30
ilng t=1In6
15 7

15In6

t=——=107 min
In(9/7)

_In0.5

k and our equation becomes

x/18
L(X) — Loe(ln 0.5)Xx/18) = LO (;) . We now find the depth

where the intensity is one-tenth of the surface value.



57. Continued

x/18
o1-(3]
2

m0.1="1nf L
18 (2

_18In0L_ oo
In0.5

You can work without artificial light to a depth of about
59.8 feet.

d kA
58. (a) d—j= PG
-2 My,
c—y Vv

—ln‘c—y‘=%t+c

kA
Injc—y|=——1t-C

e=x==%
‘c— y‘ — o kAmy=C
c—y= e M€
y= e KAVI-C

y=c+ De~ KAV
Initial condition y = y, when t =0
Yo=c+D
Yo—c¢=D

Solution: y=c+(y,— c)e~ AW

—(kAIV)t

(b) lim y(¢) = lim[c +(y, —c)e 1=c
t—o0 t—oo

150 150
$9.@) p) =" =

1+e*3e

Thisis p= L/{ where M =150, A=e4'3, andk=1.
1+Ae™
Therefore, it is a solution of the logistic differential
equation.
1
dp = iP(M— P), or dp =—P(150—P). The
da M dt 150
carrying capacity is 150.
150
(b) PO)=—3=2
1+e™
Initially there were 2 infected students.
150
(©) 1403 =125
é =1+ e4.3—r
5
1_ A
5
-In5=43-¢

t=43+In5~=5.9 days.
It took about 6 days.
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60. Use the Fundamental Theorem of Calculus.

’_ d X .2 d 3
y —E(J.O sint dt)+a(x +x+2)
= (sinx?)+(3x> +1)

y =i(sinx2+3x2+1)
dx

=(cosx?)(2x) +6x
=2x cos(x?)+6x

Thus, the differential equation is satisfied. Verify the initial
conditions:

y'(0) = (sin0%) +3(0)2 +1=1
¥(0)= [[sin(?) di+0° +0+2=2

61. 4P _o002p| 1--L£-
dt 800
4P _ o.002p| 80P
dt 800

dP =0.0024dt

800

P(800—P)

(800— P)+ P
P(800—P)

Lo U ap={0002a
p 800—P

dP =0.002dt

In|P|— In[800 - P|=0.002¢ + C
P
In =0.002t+C
800—P
800—-P
In 0o =-0.002t-C
P
800—P| _ 00021-C
P
800—P — 4oCp0002
b +
800 | _ 4 -000x
800
p= 1+ Ag-00021
Initial condition: P(0)=50
50= 800 .
1+ Ae
1+A=16
A=15
. 800
Solution: P = H—lSeW

62. Method 1-Compare graph of y, = x% In x with

3 3
1
ronx ng The graphs should be the same.

¥, = NDER(

Method 2-Compare graph of y, = NINT(x” In x)

3 3
1
rar_ —); . The graphs should be the same or

with y, =

differ only by a vertical translation.
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63. (a) 20,000=10,000(1.063)"

2=1.063'
In2=1¢In1.063
‘= In2
~ In1.063
It will take about 11.3 years.

=11.345

(b) 20,000 = 10,000
9 = (0063
In2=0.063¢

‘= In2
0.063
It will take about 11.0 years.

=11.002

64.(a) f'(x)= %j:u(t) dt = u(x)

g0 =0 [ ut di=utx)
(b) C= f(x)—g(x)
= L)X u(t) dt— E u(t) dt
= [luty i+ jg u(t) dt
= jju(l) dr

272286.4

65. (a) The regression equation is y = W.

The graph is shown below.

272286.4

®) y)= 1+302.69¢0-2095(=)

=272,286 people.

(0 % =7.694x107" P(272286.4 - P)

(d) The carrying capacity drops to 267,312.6, which is
below the actual 2003 population. The logistic
regression is strongly affected by points at the extremes
of the data, especially when there are so few data points
being used. While the fit may be more dramatic for a
small data set, the equation is not as reliable.

66. (a) T=79.961(09273)"

[-1, 33] by [-5, 90]

(b) Solving T'(¢) = 40 graphically, we obtain ¢ =9.2sec.
The temperature will reach 40° after about 9.2 seconds.

(c) When the probe was removed, the temperature was
about 7'(0) = 79.76°C.

1
67. (a) > of the town has heard the rumor when it is spreading

the fastest.

dy _
® Jizan

A B _
1.2y 1-y
A(l-y)+1.2yB=1

y=1, B=0.83

1
¢) —=——75-
© 2 e

Solve for ¢ to obtain
5In3
=
3

~1.83 days.

68. (a) Z—p = k(600 — P). Separate the variables to obtain
t

P
600—-P
P
P—600
In|P—600| = —kt +C,
P-600=Ce ™

200-600 = Ce® = C =—-400
P—600=-400¢"
P(f) = 600 — 400e "

(b) 500 = 600 — 400¢ % *2
1/4=¢2*
k=In2~0.693

(¢) 1lim(600—400e"%%%) = 600

1—o0



69. (a) Separate the variables to obtain

D ar
v+17
Injy+17)=-2t+C,
v+17=Ce™
—47+17=Ce® = C=-30
v+17 =307
v==-30e 17

(b) 1im(—30e72’ —17)=-17 feet per second
t—o0

(€) —20=-30e7% =17
_ In10

t =~1.151 seconds

Chapter 7
Applications of Definite Integrals

Section 7.1 Integral as Net Change
(pp. 378-389)

Exploration 1 Revisiting Example 2

3
1-S(t)=f[t2— 8 ]dt=t+8+C

(t+1)° 301+l
3
s(0)=0—+i+C=9:>C=1
3 0+1
3
Thus, s(t) = —+—>—+1.
3 1+l
P8 16 . .
2. s(1)=—+——+1=—. This is the same as the answer we
3 1+1 3

found in Example 2a.

3

5
3. 5(5)=—+——+1=44. This is the same answer we found
+

in Example 2b.
Quick Review 7.1

1. On the interval, sin 2x =0 when x = —%, 0, or % Test one
. . 3r .
point on each subinterval: for x = —7, sin2x = 1; for
X = —E, sin2x =—1; forx = E, sin2x = 1; and for
4 4
3t . . .
x =——,sin2x =—1. The function changes sign at

T b4
——, 0, and —. The graph is

2 2 grap
S

+ - + .
T
2

X

[SIE R 3
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2. x2—3x+2=(x—l)(x—2)=0whenx=10r2.Test0ne

point on each subinterval: for x =0, x> —3x+2= 2; for

x=%,x2—3x+2=—%; and for x = 3, x>-3x+2=2.

The function changes sign at 1 and 2. The graph is
! + [ + |f(X)
T T T T X

-2 1 2 4

3. x*>—2x+3 =0 has no real solutions, since b~ dac=
(—2)2 —4(1)(3) =-8 < 0. The function is always positive.

The graph is
Jf)
f } X

2

4. 2x° -3x%+ 1= (x=1)* 2x+ 1) =0 when x:—% orl.

Test one point on each subinterval: for x =-1,
207 =3x%+ 1=~ forx=0, 2x° - 3x*+1=1;and

X = —é, 2x* =3x* +1=1. The function changes sign at

—%. The graph is

I _ I + I + |f(X)
T T T T X
-2 _1 1 2
2
5. On the interval, x cos 2x =0 when x = 0,%, %T or %r

. . /4
Test one point on each subinterval: for x = g

2
xcos2x = i ,forxz%, xcost:—gforx:n',\/E

xcos2x =m;andfor x = 4,xcos2x=—0.58. The function
changes sign at %, 3% and%r. The graph is

@

+ -, +

f ; x
0 T 3w
4 4

|
=94

6. xe~* =0 when x = 0. On the rest of the interval, xe " is
always positive.

7. 5= Owhenx = 0. Test one point on each subinterval:
x°+1
x 1 1 .
for x=-1, 5 =——;forx =1, 5 = —. The function
x°+1 2 x“+1
changes sign at 0. The graph is
- + If (x)
T T T X
-5 0 30



